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Abstract

The computation of hourly means based upon one minute values raises the
question of the influence of gaps on the mean values. The issue is revisited in
this paper from a statistical point of view. In a first step, relevant statistics for
gap and data distribution within hourly intervals are built up using actual time se-
ries. Then, the statistics are applied to full one minute field values in order to
evaluate the dispersion of the hourly means due to the gap and data statistical
distribution. The data from PAF observatory (Port-Aux-Frangais, Kerguelen Is-
land) in the range 1999 to 2003 is used for illustration.

1. Introduction

Hourly means have been used for a long time in external field modeling, for in-
stance diurnal variation modeling. In recent years, they have become increasingly
interesting in internal field or internal plus external field modeling (i.e., Sabaka et al.
2002). However, a long standing problem has come up with the hourly mean computa-
tion, namely the tolerable length of gap within an hourly interval. This issue has be-
come particularly acute since the advent of digital recording. Few references on this
problem are available. The most recent paper was published by Mandea (2002). It was
motivated by a question addressed by L. Loubser (Hermanus observatory) to the
community of observers. Among the answers, the one given by De Santis could be
considered a starting point for the present study: “In my opinion, for most typical
kinds of quiet and moderate magnetic activity, it would be probably better to have one
data every three (i.e. 33% data only) instead of having just the first half of the whole
period but nothing of the remaining (i.e. 50 % data).” This opinion strongly suggests a
statistical approach of the issue.



2. Elaboration of Hourly Mean Statistics

An overview of the data and gaps distribution is readily provided by the scrutiny
of one minute time series over a selected time span. Figure 1, left, shows the histo-
grams built up using the X, Y, Z (in geographical reference frame) and F components
from PAF observatory over the years 1999-2003. In order to obtain representative
distributions, we should select time intervals free of major changes in the instrumenta-
tion and/or data processing methods, etc. The distribution of data segments is equiva-
lently the distribution of time elapsed between two successive failures. This strongly
suggests a Weibull distribution (Gibra 1973) designed to model electronic component
life time, and therefore relevant to model the failures arising in data acquisition equip-
ments. On the other hand, the distribution of gaps is close to a mere exponential distri-
bution. This depends on a variety of parameters as a result of the way the observatory
is operated.
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Fig. 1. Left: distribution of the length of data segments (left) and gap segments (right) for PAF
observatory during the years 1999-2003. The horizontal scale is logarithmic for the data and
linear for the gaps. Right: statistics regarding the distribution of data segments and gap seg-
ments within hourly intervals. See text for explanations.

Regarding hourly mean computation, the relevant basic information is the hourly
intervals containing both data and gaps. A large number of situations may be imag-
ined. Elementary combinatorial analysis demonstrates that there are about 1.15x10"
possibilities. However, all of them are not realistic. It is more advisable to base the



statistics upon real distributions. In any case, the data/gap, denoted Tgq in the sequel,
or gap/data transitions, denoted Tgq, are the considered random variables.

Therefore, the first step is, in a given series of minute values, to select the hourly
intervals containing both data and gaps. Indeed, for obvious reasons, intervals without
gaps or data can be discarded. Preliminary statistics may be performed on the distribu-
tion of Ty and Tyq. Figure 1, right, shows some distributions of interest. Upper left:
distribution of length of data segments; upper right: distribution of length of gap seg-
ments; second row left: length of the first data segment in the hourly interval (histo-
gram and cumulative function); second row right: length of the first gap segment (his-
togram and cumulative function); third row left: number of data segments per hour;
third row right: number of gap segments per hour; bottom: frequency of segments
beginning with data (light gray), respectively gaps (dark gray). In the example of PAF
observatory, the length of data segment is roughly uniform, whereas the length of gap
segments clearly is not. The third row illustrates the fact that not all theoretical distri-
butions are realistic: for instance, the number of failures per hour hardly overruns
three.

Having obtained a set of hourly intervals, whose distribution of data and gaps is
typical for a given observatory and period of time, the next step consists in computing
the estimated hourly means based upon this set, on one hand, on full records of one
minute values on the other hand. The estimated hourly means are random variables
whose distribution depends on the maximum tolerated gap length and the shape of the
field variation, as already noticed by Mandea (2002). The shape itself depends on the
magnetic activity and the location of the observatory, mainly its geomagnetic latitude.
The hourly means being regarded as random variables, their distribution may be repre-
sented on histograms and characterized by usual statistical parameters like their stan-
dard deviation, percentiles (less sensitive to outliers).

3. Examples

3.1 Hourly mean distribution for a quiet day

Figure 2 shows an example of the hourly mean distribution obtained for PAF ob-
servatory based upon the distribution of data and gaps segments computed using the
method outlined in the previous section, on one hand, and the daily records for 3 Feb-
ruary 2001, on the other hand. Left part of Fig. 2 displays the distribution of the hourly
mean for hour 7 U.T. (the hours are numbered from 0 to 23) and shows the increase of
dispersion due to the increase of gap length. The lower drawing displays the daily
variation of the selected component, in this case the component along geographic east.
The field variation during hour 7 is thickened.

The head “at most n minutes missing” means that all distributions of data and gap
sequences with less than n+1 missing values are taken into account. Therefore, the
number of suitable cases increases with the tolerated gap length. std stands for stan-
dard deviation and the 95% figure is the width of the interval containing 95% hourly
means. Under a Gaussian assumption, it would be twice the standard deviation. It can
be noticed that this is roughly the case, although a Gaussian assumption is not required



in this study. Half of the 95% interval may also be interpreted as a confidence interval
at the 95% confidence level. Right part of Fig. 2 is like the left part apart from the
maximum tolerated length of gap being fixed and its influence checked across the day
using 6 selected hours highlighted on the lower drawing. Thus, the figure illustrates
the influence of the shape of the field variation. Although the magnetic activity is very
small (e.g. K indexes on Fig. 3), a moderate variation of the hourly mean scattering
may be noticed. It is clearly correlated with the slope of the hourly variation. Hour 7
selected previously has the largest slope and, hence, the largest dispersion.

PAF 1999-2003 Component: ¥
PAF 1999-2003 Component: ¥
Reference hourly intervall 03 / 02/ 01 hour: 07

at mast 1 minute missing at most 2 minutes missing Max. allewed gap duration 20 mn

L T std 8.10T 1 s std 0.2 0T 0. Relerence hour 01 Reference hour 03
0! 95% 0.2 1T 0l 95% 03 0T 2931345 std 0.5 0T qp| 29371345 stdl .1 0T
1201 95% 0.6 0T 180] 95% 0.2 0T
201 201 80 | 120/
40 | i
0t . . o- . . . &0
4 4 0 4 8 2 4 0 ] 8 0L . . ol . ; .
Eslimated h. mean - irue mean Estimated h. mean - true mean L] -4 0 4 8 -8 -4 ] 4 8
Estimated h. mean - true mean Estimated h. mean - true mean
at most 5 minutes missing at most 10 minutes missing
go| 1357345 std 0.4 0T ag! 237735 std 0.7 6T Si64 Reference hour 05 Reference hour 07
95% 89 0T col 95% 130T 293 /345 sid 0.2nT 80 293345 std L1nT
40 180 95% 03 nT 60 95% L1nT
a0
| 120
N | " ‘”
ol . . o- . . . 207
-4 o 4 8 L] -4 /] 4 8 [ - - o - . -
Estimated h. mean - true mean Estimated h. mean - true mean L] -4 o 4 8 L] -4 /] 4 8
Estimated h. mean - true mean Estimated h. mean - true mean
at most 15 minutes missing at most 20 minutes missing
a0/ 2807345 sid 0.9 0T ag! 2937345 std L1nT 240 Reference hour 14 Reference hour 22
col 5% L9aT col 95% 2inT 293/ 345 sid 0.2nT 240 | 2937345 std 0.2 0T
180 | 95% 03 nT 180 1 5% 0.2 0T
401 a0
1201 {
20/ 201 120
0 - - o - . . 50 1
-4 o 4 8 L] -4 /] 4 8 [ - - 0 - - . -
Estimated h. mean - true mean Estimated h. mean - true mean L] -4 o 4 8 L] 4 /] 4 8
Estimated h. mean - true mean Estimated h. mean - true mean
+40nT - +40nT
~ +40nT - +40nT
14940 0T / b 14940 0T ! —
\ -14840 T - / =+ =14540 nT
4onT - L apnT i
..................................... 40nT L 40nT

Fig. 2. Left: distribution of estimated hourly means around the true mean for various maximum
gap lengths, the hourly interval being fixed. Right: similar to left with a fixed maximum length
of gap and various hourly intervals throughout the day. See text for further explanations.

The head “at most n minutes missing” means that all distributions of data and gap
sequences with less than n+1 missing values are taken into account. Therefore, the
number of suitable cases increases with the tolerated gap length. std stands for stan-
dard deviation and the 95% figure is the width of the interval containing 95% hourly
means. Under a Gaussian assumption, it would be twice the standard deviation. It can
be noticed that this is roughly the case, although a Gaussian assumption is not required
in this study. Half of the 95% interval may also be interpreted as a confidence interval
at the 95% confidence level. Right part of Fig. 2 is like the left part apart from the
maximum tolerated length of gap being fixed and its influence checked across the day
using 6 selected hours highlighted on the lower drawing. Thus, the figure illustrates



the influence of the shape of the field variation. Although the magnetic activity is very
small (e.g. K indexes on Fig. 3), a moderate variation of the hourly mean scattering
may be noticed. It is clearly correlated with the slope of the hourly variation. Hour 7
selected previously has the largest slope and, hence, the largest dispersion.
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Fig. 3. Left: Confidence intervals for the 24 hourly means and tolerated gap lengths 2, 5, 10,
15, 20 minutes. Colours vary from dark grey to light grey accordingly. Vertical scale of the c.i.
magnified 20 times. Right: width of the confidence interval versus hour of the day, for the
same maximum tolerated gaps as on the left figure. Bottom: K indexes for the day.

Figure 3, left, displays the confidence intervals for the 24 hourly means and tol-
erated gap lengths 2, 5, 10, 15, 20 minutes. The confidence intervals are pictured as
rectangles colored from dark grey (2 minute gaps) to light grey (20 minute gaps). For
the sake of clarity, the confidence intervals are magnified 20 times with respect to the
vertical scale. Again, we see the clear correlation between the slope of the hourly
variation and the width of the confidence interval. Figure 3, right, summarizes the
confidence interval widths (note that the vertical scales are variable), for every hour
and the same five selected gap lengths as on the left. The lower drawing shows the
variation of the K indexes over the day. There is no correlation between the width of
the confidence intervals and K, all the lesser as the K index is a logarithmic scale not
designed for characterizing quiet day variations. Once again, the diurnal variation of
the confidence interval is correlated with the slope of the field diurnal variation, which
could be modeled with a Sq model (Malin and Gupta 1977, for instance).



3.2 Hourly mean distribution for a disturbed day

On the other end of the field disturbance scale, Figs. 4-5 illustrate the effect of
strong disturbances on the computation of hourly means. The selected day is within
the so-called Halloween storm. Figure 4 makes evident the dramatic increase of the
hourly mean scattering. Note the large variation of the horizontal scale, either accord-
ing to the tolerated gap length or to the shape of the hourly variation. In addition, the
figure reveals the poor sampling of these very scattered distributions, despite the long
time series analysed. Figure 5, left, is similar to Fig. 3, left, except for the vertical
magnification of the confidence intervals, reduced to 10 times the field vertical scale.
It shows also that even during strongly disturbed days, some hourly means are moder-
ately scattered. Finally, Fig. 5, right, equivalent to Fig. 3, right, summarizes the daily
variation of the confidence intervals and shows again that the correlation with the K
indexes is rather poor in this case. The lack of correlation may be explained by the fact
that during strong magnetic storms, PAF behaves like an auroral observatory due to
the northwards expansion of the auroral oval. This fact is supported by the clear corre-

lation observed, on the other hand, with the auroral indexes (Fig. 6).
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Fig. 4. Same as Fig. 2 for a disturbed day, apart from the test hour selection.

4. Discussion and Further Developments

One motivation for this study was the hope that a simple policy for computing
the hourly means or not, according to the number of data missing, could be suggested.



PAF day 30 month 10 year 03

PAF day 30 month 10 year 03

+1050 0T - +1050 nT 0001020304 0506 07 0809 10 11 12 13 14 15 16 17 18 192021 2223
T ooy ot 1 s i e o
x
@ @
8570.0 AT - - 8570.0 nT %60 ° g 2
7200 - :a :
480 o5 e 8, 8
Vert. scale for C.L.: 10 210¥ o g N :
1050 nT : 1050 T 00l ¥ * 20 0.000-0-0000-0-009 8 TeEL
+B70NT - 670 NT 95.0/ @
760+ % &
¥ !
Y:'gl *®
14470.0 T - <14470.0 01 ol g
19.0+ %
S TF PIUUUDUIIPORE £ L 2D &
&70nT - = 570 nT pe
o
440- = o
L]
«620nT - - +620nT 23“3'0' ® :2
20t o B ee #
z 1nod , S eel®
00 * iiioﬂ-o-@ooo—o-OOQHQs' !'
45400.0 0T - -45400.0 01
9r R R R R R E
K : N
&20nT - Vert, scale for C.1.2 1 -~ g20nT ol - . » . .
0001020304 050607080910 111213 14151617 181920212223
+430nT - +430nT
F
48510.0nT - 48510.0n1
430 nT - Vert. scale for @.1.: 10 L a30nT

WP P R e WA o " sl sl
0001020304 0506070809 1011121314 151617 181920212223

Fig. 5. Similar to Fig. 3 for the disturbed day used as an example in Fig. 4. On the left, vertical
scale for the confidence intervals magnified 10 times.
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Fig. 6. Quick look auroral indexes for the 30 October 2003 (downloaded from web site
swdcwwwe.kigi.kyoto-u.ac.jp). To be compared to the daily variation of the confidence inter-
vals in Fig. 5.



This goal clearly could not be reached, due to the large number of parameters in-
volved. These parameters include the statistical distribution of data and gaps, which is
peculiar to each observatory, the location of the observatory, the level of magnetic
disturbance. The comparison of Figs. 5 and 6 suggests that appropriate magnetic in-
dexes could be a relevant parameter for taking into account the magnetic activity,
above some level of disturbance. On the other end of the disturbance scale, Sq models
might be helpful to play an equivalent role. Anyway, assuming that the distribution of
data and gaps, and of course the location of a specific observatory, would be known,
the upper threshold for missing data, with respect to an upper limit of error assigned to
the hourly means, should be a function of an hourly parameter reflecting the shape of
the field variation. In addition, this parameter would depend on the component, that is
would be a 3 or 4 dimension vector.

On the other hand, this study draws the attention on the fact that the hourly mean
based upon an incomplete set of data is only an estimate of the true, unknown value. It
can therefore be treated as a random variable, whose properties may be investigated
with the method outlined above. In particular, a confidence interval may be associated
to each hourly mean. In order to compute it, either a typical record (without gaps) or
an appropriate parameter, fairly accurately correlated with the confidence interval in
order to provide a reasonable estimation for it, has to be available. To this end, the
analysis of a fairly large number of suitably distributed observatories and levels of
disturbance would have to be performed.

Yet, the statistical analysis presented herein is rather elementary from at least two
points of view. First, as can be seen in Fig. 4, the distribution of hourly means, based
upon actual sequences of data and gaps, is poorly sampled, due to the rather small size
of the set of hours containing gaps. This is probably (and hopefully) the case for most
observatories. This observation calls for the search of a method which could generate
hourly sequences of gaps and data having the same statistical properties than the ac-
tual ones. We have attempted to do it using a Markov chain process based upon transi-
tion probability matrices data/gap and gap/data constructed with real data. The result
is not really satisfying because the transition probability matrices themselves are
poorly sampled. In an attempt to build up smooth versions of them, we have adjusted
the empirical transition probability functions by theoretical distributions, namely a
mixture of positive binomial and negative binomial distributions (Gibra 1973). The
result is better, but not significantly. Thus, further investigations have to be carried
out, although we believe that they should not change significantly the confidence in-
terval estimates.

A completely different way to explore would be to implement statistical methods
dealing with missing data (Little and Rubin 1987). The idea behind this concept is to
find a way of replacing the missing data without altering the estimates of the parame-
ters looked for — in the present case, merely the mean value. For instance, the field
variation in every incomplete hourly interval could be modeled by some parametric
function (polynomials, sine functions, etc.) whose parameters would be estimated
from the available data by some least-squares or likelihood method, according to
schemes referred to in the statistical literature (see for instance Little and Rubin 1987,



for references). This way of computing hourly means would perhaps not completely
make meaningless the question of the tolerable length of gap, but would certainly
make less critical the choice of the threshold.

5. Conclusion

The influence of missing data on the hourly means of the magnetic field compo-
nents has been investigated from a statistical point of view based upon actual distribu-
tions of gaps and data peculiar to a specific observatory. The study confirms and am-
plifies conclusions already drawn by Mandea (2002), namely that the error involved
depends, beside the length of gap, on the shape of the field variations and the level of
the magnetic disturbance. These features, in turn, depend on the position of the obser-
vatory. The influence of the magnetic disturbance upon the confidence interval might
be quantified with the help of an appropriate magnetic activity index. However, over-
all, the problem of fixing a limit to the tolerable length of gap in an hourly set of data
is probably ill-posed. One way of circumventing the difficulty would be to rely on
statistical methods dealing properly with missing data.
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