
THE MICROSCOPIC INSIGHT INTO FRACTURING OF BRITTLE MATERIALS … 

 

29 

 

Fig. 10. An exemplary sample before (top) and after (bottom) uniaxial compression. View of bonds. 

Colour stands for the radius of the particle that is set in this place – red means the largest particles, blue 

– the smallest particles. 
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element method codes and the Class II behavior of rocks was simulated. Wiącek et al. (2012) 

numerically showed that an increase in the particle aspect ratio strongly affected the mechanical 

response of a specimen under uniaxial compression. Nitka (Nitka and Tejchman 2015) has fo-

cused on the DEM modelling of the behaviour of plain concrete under uniaxial compression 

and uniaxial tension using the discrete element method. Vesga et al. (2008) used DEM to study 

how cracks propagate in a continuum material (clay) subjected to a uniaxial compressive stress. 

The DEM proved to be a very successful approach for the visualization of secondary crack 

formations and their propagation in the simulated samples. Yang et al. (2014) adopted the par-

ticle flow code (PFC2D) to carry out a discrete element modelling for the fracture coalescence 

behavior of red sandstone specimens containing two unparallel fissures under uniaxial com-

pression. Ergenzinger et al. (2011) investigated a bonded-particle model using extended Dis-

crete Element Method with respect to failure of strong rock under uniaxial compression. 

Scholtes and Donze (2012) discovered that instabilities in rock structures involve coupled 

mechanisms related to both deformations along existing discontinuities and brittle fracture of 

intact rocks.  

In comparison to the abovementioned studies, this research is focused mainly on the changes 

in microscopic structure of the material during applying compressive force. Such analysis in-

volves relationship between the microscopic parameters of bonds and macroscopic parameters 

of the whole sample, especially different aspects related to rotational and linear movements of 

material’s particles.  
 

4.2.2 Simulation settings  

In this subsection the details of performed uniaxial compression simulations are described. 

A model of the cylindrical sample was constructed of approximately 100 000 particles with 

radii from 0.3 to 3.0 mm. Two types of samples were prepared: with density of 940 kg/m3 

corresponding to an ice-like material (Riikilä 2017), and with density of 2260 kg/m3 corre-

sponding to a sandstone-like material (Hertzberg 1976). Particles inside the samples were con-

nected by bonds created to simulate behaviour of brittle materials called in ESyS-Particle the 

BrittleBeamPrms as described in Section 3.3.2. Modeled cylindrical sample was compressed 

by two walls, both moving with a constant velocity 0.5 mm/s (an exemplary view of the sample 

before and after the fracture is shown in Fig. 10). Although this rate is significantly higher than 

that typically used in laboratory uniaxial compression experiments, it is sufficiently small to 

maintain quasi-static conditions in the simulations. The initial acceleration of the walls from 

zero to the desired speed (during the first 50 000 timesteps) also helps to ensure thta the sample 

is loaded quasi-statically without generating an acoustic waves. The full set of used parameters 

is shown in Table 1. 

 

4.2.3 Simulation results 

Presented simulations were mainly focused on the relationship between four microscopic pa-

rameters of bonds and two macroscopic parameters of the sample. These microscopic parame-

ters were, namely, Young’s modulus, Poisson ratio, cohesion, and friction angle of bonds, as 

described in Section 3.3.2. The considered macroscopic parameters of the samples were 

Young’s modulus (stiffness of the sample in the linear elasticity regime) and Poisson’s ratio. 

The full list of used parameters and obtained results are shown in Table 2 and 4. 

Young’s modulus and Poisson’s ratio were calculated according to the scheme presented in 

the diagram from Fig. 11. Young’s modulus is calculated as a slope of the curve axial stress – 

axial strain, for an initial (linear) part of the strain-stress curve. Poisson’s ratio is calculated as 

the ratio between the value of Young’s modulus and slope of axial stress – diametral strain 

curve (also linear part). 



THE MICROSCOPIC INSIGHT INTO FRACTURING OF BRITTLE MATERIALS … 

 

31 

Table 1 

Uniaxial compression simulations – parameter settings 

 

Particles size from 0.3 to 3.0 mm  

Time step 5.0e-06s 

Time steps 2000 000 

Particles density 940 kg/m3 or 2240 kg/m3 

Type of bonds 

 

 

 

Name: BrittleBeamPrms 

Parameters: 

name = “pp_bonds”, 

youngsModulus = in according with Table 2 and Table 4, 

poissonsRatio = in according with Table 2 and Table 4, 

cohesion = in according with Table 2 and Table 4, 

tanAngle = in according with Table 2 and Table 4, 

tag=0 

Unbonded particles 

 

 

 

Name: FrictionPrms 

Parameters: 

name =“friction”, 

youngsModulus = the same as youngsModulus in  

Brittle BeamPrms interaction, 

poissonsRatio = the same as poissonsRatio in  

Brittle BeamPrms interaction, 

dynamicMu = 0.4, 

staticMu = 0.6 

Elastic repulsion with the walls 

 

Name: NRotElasticWallPrms 

Parameters: 

normalK = the same as youngsModulus  

in BrittleBeamPrms interaction 

Translational viscous damping 

 

Name: LinDampingPrms 

Parameters: 

viscosity = 0.002, 

maxIterations = 50 

 

Name: RotDampingPrms 

Parameters: 

viscosity = 0.002, 

maxIterations = 50 

Compressing rate 

Velocity 0.5 mm/s 

rampTime 50 000 time steps 

 

 

The analysis of the obtained results concerned three main groups of issues: dependencies 

between microscopic and macroscopic parameters of samples with different densities; changes 

of components of potential energy of bonds during the fragmentation process; changes of com-

ponents of kinetic energy of particles during the fragmentation process. 
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Fig. 11. Macroscopic parameters of the sample (Young’s modulus and Poisson’s ratio) were calculated 

from the stress-strain curves. Young’s modulus as a slope of axial stress – axial strain curve, and Pois-

son’s ratio as a Young’s modulus divided by the slope of the axial stress – diametral strain curve.  

Microscopic and macroscopic parameters of samples 

Table 2 

The relationship between microscopic and macroscopic parameters of a sample of density 940 kg/m3 

under uniaxial compression 

 

Microscopic parameters Macroscopic parameters 

Young’s mod-

ulus 

[MPa] 

Poisson ratio 

[dimension-

less] 

Cohesion 

[dimension-

less] 

Tangent 

of the 

friction 

angle 

Young’s 

modulus 

[GPa] 

Poisson ratio 

[dimension-

less] 

Uniaxial Test 1 1.00E+03 0.25 10 000 1.0 5.21E+00 0.13 

Uniaxial Test 2 1.00E+03 0.25 1000 1.0 5.21E+00 0.13 

Uniaxial Test 3 1.00E+03 0.34 100 1.0 5.12E+00 0.14 

Uniaxial Test 4 1.00E+03 0.34 1000 1.0 5.12E+00 0.14 

Uniaxial Test 5 1.00E+04 0.25 1 1.0 4.67E+01 0.14 

Uniaxial Test 6 1.00E+04 0.34 100 1.0 4.85E+01 0.16 

Uniaxial Test 7 1.00E+05 0.50 100 1.0 4.63E+02 0.17 

Uniaxial Test 8 1.00E+05 0.15 10 000 0.5 5.07E+02 0.14 

Uniaxial Test 9 1.00E+05 0.50 10 000 1.0 4.66E+02 0.17 

Uniaxial Test 10 1.00E+05 0.40 10 000 0.0 4.75E+02 0.17 

Uniaxial Test 11 1.00E+05 0.25 100 0.0 4.92E+02 0.15 

Uniaxial Test 12 1.00E+05 0.25 100 000 1.0 4.83E+02 0.13 

Uniaxial Test 13 1.00E+05 0.25 1000 1.0 4.92E+02 0.15 

Uniaxial Test 14 1.00E+05 0.34 100 1.0 4.82E+02 0.16 

Uniaxial Test 15 1.00E+05 0.34 1000 1.0 4.80E+02 0.16 

Uniaxial Test 16 1.00E+05 0.25 100 1.0 4.92E+02 0.15 

Uniaxial Test 17 1.00E+05 0.20 100 1.0 5.00E+02 0.15 
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Table 2 presents the dependence between four microscopic parameters and two macroscopic 

parameters of the whole sample. The study of this relationships was carried out for a whole 

series of parameters selected in a possibly wide and cross-sectional way (however, with the 

greatest emphasis on microscopic Young’s modulus and cohesion).  

One of the most visible results is a clear relationship between the microscopic Young’s 

modulus and the macroscopic Young’s modulus. A higher value of the first parameter corre-

sponds to a higher value of the second parameter. Another conclusions came from the observa-

tion of a parameter such as cohesion. When keeping the remaining three parameters fixed, the 

change in cohesion does not affect macroscopic parameters Young’s modulus and Poisson’s 

ratio (cases Uniaxial Test 1 and Uniaxial Test 2, as well as Uniaxial Test 3 and Uniaxial Test 

4) or an effect is minor (Uniaxial Test 12 and Uniaxial Test 13 or Uniaxial Test 14 and Uniaxial  

 

Table 3 

Samples that broke apart under considered loading selected from the samples from Table 2.  

On the horizontal axis, axial strain [%]; on the vertical axis, axial stress [MPa] 

Uniaxial Test 1 Uniaxial Test 5 Uniaxial Test 6 

   
Uniaxial Test 7 Uniaxial Test 11 Uniaxial Test 13 

   
Uniaxial Test 14 Uniaxial Test 15 Uniaxial Test 16 

   
Uniaxial Test 17 
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Test 15). The last two pairs of results suggest that the higher microscopic cohesion corresponds 

to the lower macroscopic Young’s modulus. However, it was observed that the cohesion pa-

rameter is crucial for defining the sample “brittleness” and breaking moment. From the tests 

Uniaxial Test 13 and Uniaxial Test 15, and also from three tests Uniaxial Tests, 14, 16, and 17, 

it can be concluded that the lower microscopic Poisson’s ratio translates into a higher macro-

scopic Young’s modulus.  

For assumed simulation parameters (Table 2), not every sample broke apart under consid-

ered loading. Sometimes this was due to the characteristics of the sample itself, and sometimes 

due to the limited simulation time. The samples for which breaking occurred are shown in  

Table 3, together with their stress-strain curves. The specific noisy shape of the curve for the 

Uniaxial Test 1 is most likely due to numerical dispersion. 

Table 4 

The relationship between microscopic and macroscopic parameters of a sample of density 2260 kg/m3  

under uniaxial compression 

 

Microscopic parameters Macroscopic parameters 

Young’s  

modulus 

[MPa] 

Poisson ratio 

[dimension-

less] 

Cohesion 

[dimension-

less] 

Tangent 

of the 

friction 

angle 

Young’s 

modulus 

[GPa] 

Poisson ratio 

[dimension-

less] 

Uniaxial Test 1 1.00E+03 0.25 1000 1.0 5.42E+00 0.14 

Uniaxial Test 2 1.00E+03 0.34 100 1.0 5.29E+00 0.14 

Uniaxial Test 3 1.00E+04 0.34 100 1.0 4.91E+01 0.15 

Uniaxial Test 4 1.00E+05 0.25 10 000 1.0 4.93E+02 0.15 

Uniaxial Test 5 1.00E+05 0.34 100 1.0 4.82E+02 0.16 

Uniaxial Test 6 1.00E+05 0.34 1000 1.0 4.81E+02 0.16 

Uniaxial Test 7 1.00E+05 0.25 100 1.0 4.93E+02 0.15 

Uniaxial Test 8 1.00E+05 0.20 100 1.0 5.01E+02 0.15 

Uniaxial Test 9 1.00E+06 0.30 10 000 1.0 1.30E+02 0.06 

Uniaxial Test 10 1.00E+06 0.25 100 1.0 1.28E+03 0.16 

Uniaxial Test 11 1.00E+06 0.25 10 000 1.0 4.84E+03 0.24 

Uniaxial Test 12 1.00E+06 0.20 10 000 1.0 4.95E+03 0.15 

Uniaxial Test 13 1.00E+06 0.25 100 1.0 4.90E+03 0.14 

Uniaxial Test 14 1.00E+06 0.30 10 000 1.0 4.88E+03 0.06 

Uniaxial Test 15 1.00E+06 0.25 100 1.0 4.51E+03 0.15 

Uniaxial Test 16 1.00E+06 0.25 1000 1.0 4.84E+03 0.16 

Uniaxial Test 17 1.00E+06 0.25 10 000 0.8 4.73E+03 0.10 

Uniaxial Test 18 1.00E+06 0.25 10 000 1.2 4.75E+03 0.19 

Uniaxial Test 19 1.00E+06 0.15 10 000 0.7 4.95E+03 0.16 

Uniaxial Test 20 1.00E+06 0.35 10 000 0.7 4.71E+03 -0.01 

Uniaxial Test 21 1.00E+06 0.35 10 000 1.5 4.61E+03 0.15 

Uniaxial Test 22 1.00E+06 0.35 10 000 1.5 4.77E+03 0.15 
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Components of potential energy of bonds  

At the beginning, the potential energies of bonds were considered. The bending energy, normal 

energy, shearing energy and twisting energy as a percentage of the total average potential en-

ergy of all bonds are shown as columns at Fig. 13 respectively. The exact numerical values are 

listed also in Table 6. 

Fig. 13. Visual representation of potential energies of the bonds (bending, normal, shearing and twisting 

energy) as a percentage of total potential energy for the data from Table 6.  
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Table 6 

Potential energies of the bonds (bending, normal, shearing and twisting energy) as a percentage  

of total potential energy for the samples from Table 3 and 5. Average value per time step 

 

Components of the potential energy of bonds 

Bending  

energy 

Normal  

energy 

Shearing  

energy 

Twisting  

energy 

Uniaxial Test 1, density 940 kg/m3 1.70% 42.96% 32.69% 22.66% 

Uniaxial Test 5, density 940 kg/m3 1.94% 61.91% 35.17% 0.98% 

Uniaxial Test 6, density 940 kg/m3 0.86% 60.75% 37.79% 0.60% 

Uniaxial Test 7, density 940 kg/m3 1.02% 61.08% 37.27% 0.63% 

Uniaxial Test 11, density 940 kg/m3 1.64% 63.44% 34.05% 0.87% 

Uniaxial Test 13, density 940 kg/m3 0.84% 60.60% 37.94% 0.62% 

Uniaxial Test 14, density 940 kg/m3 1.03% 60.95% 37.35% 0.67% 

Uniaxial Test 15, density 940 kg/m3 0.84% 60.73% 37.84% 0.59% 

Uniaxial Test 16, density 940 kg/m3 1.04% 60.86% 37.40% 0.70% 

Uniaxial Test 17, density 940 kg/m3 1.04% 60.84% 37.41% 0.71% 

Uniaxial Test 3, density 2260 kg/m3 0.88% 60.72% 37.80% 0.60% 

Uniaxial Test 5, density 2260 kg/m3 1.10% 60.97% 37.80% 0.60% 

Uniaxial Test 6, density 2260 kg/m3 0.84% 60.77% 37.80% 0.59% 

Uniaxial Test 7, density 2260 kg/m3 1.10% 60.94% 37.25% 0.71% 

Uniaxial Test 8, density 2260 kg/m3 1.10% 60.93% 37.25% 0.73% 

Uniaxial Test 11, density 2260 kg/m3 0.82% 60.60% 37.97% 0.61% 

Uniaxial Test 12, density 2260 kg/m3 0.82% 60.50% 38.05% 0.63% 

Uniaxial Test 13, density 2260 kg/m3 1.35% 60.94% 36.89% 0.82% 

Uniaxial Test 14, density 2260 kg/m3 0.83% 60.68% 37.90% 0.59% 

Uniaxial Test 15, density 2260 kg/m3 1.20% 60.72% 37.29% 0.78% 

Uniaxial Test 16, density 2260 kg/m3 0.94% 60.83% 37.57% 0.67% 

Uniaxial Test 17, density 2260 kg/m3 0.84% 60.70% 37.84% 0.62% 

Uniaxial Test 18, density 2260 kg/m3 0.82% 60.51% 38.06% 0.61% 

Uniaxial Test 19, density 2260 kg/m3 0.85% 60.57% 37.92% 0.66% 

Uniaxial Test 20, density 2260 kg/m3 0.84% 60.98% 37.59% 0.59% 

Uniaxial Test 21, density 2260 kg/m3 0.83% 60.50% 38.08% 0.59% 

Uniaxial Test 22, density 2260 kg/m3 0.84% 60.52% 38.06% 0.58% 

 

Interestingly, almost identical results and dependencies were obtained for all samples, re-

gardless of their microscopic and macroscopic parameters. The only one exception was the 

Uniaxial Test 1 for a density 940 km/m3. This exception fully reflected the results from Table 

3 and 5. Only Uniaxial Test 1 is distinguished by a different shape of the stress-strain curve. 

Probably, this was the result of numerical dispersion, as mentioned earlier. The remaining sam-

ples had similar stress-strain diagrams, in which the stress linearly increases in the function of 
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with shearing between particles. All movements connected with bending or twisting make a 

very small contribution. Especially interesting is the fact that the ratio between particular po-

tential energies of bonds is always constant, despite very various microscopic and macroscopic 

parameters of considered samples. 

Components of kinetic energy of particles  

Further, the kinetic energies of particles were taken into account. The individual columns pre-

sent the linear kinetic energy and the rotational kinetic energy as a percentage of total kinetic 

energy of all particles (Fig. 14, Table 7). 

The relationship between kinetic energies of particles is not as obvious at first glance as in 

the case of energy of potential bonds. Again, Uniaxial Test 1 stands out, for which 96% is 

rotational kinetic energy. For the remaining samples, linear kinetic energy prevails, ranging 

from about 80% to 96%. It is possible to distinguish between two groups of results for which 

the ratio between linear kinetic energy and rotational kinetic energy is about 80% to 20% or 

about 94% to 6%. A comparison with Table 2 and Table 4 leads to the conclusion that for the 

higher proportion of rotational kinetic energy during the breaking process is responsible the 

microscopic parameter – cohesion. 

 

4.2.4 Conclusions 

The simulations of uniaxial compression provided results in three groups of issues: dependen-

cies between microscopic (Young’s modulus, Poisson’s ratio, cohesion, tangent of the friction 

angle) and macroscopic (Young’s modulus, Poisson’s ratio) parameters of samples with densi-

ties of 940 kg/m3 and 2260 kg/m3, average potential energy of bonds, average kinetic energy of 

particles.  

One of the clearest relationships between microscopic and macroscopic parameters was this 

between the microscopic Young’s modulus and the macroscopic Young’s modulus. A higher 

value of the first parameter corresponds to a higher value of the second parameter. Another 

conclusions came from the observation of a parameter such as cohesion. When keeping the 

remaining three microscopic parameters fixed, the change in cohesion does not affect macro-

scopic parameters, Young’s modulus and Poisson’s ratio, or affects it slightly. In some cases, 

the higher microscopic cohesion corresponds to the lower macroscopic Young’s modulus. On 

the other hand, the cohesion parameter is crucial for defining the sample brittleness and break-

ing moment. It can be also concluded that the lower microscopic Poisson’s ratio translates into 

a higher macroscopic Young’s modulus. Additionally, microscopic Poisson’s ratio and tangent 

of the friction affect significantly macroscopic Poisson’s ratio, while much smaller macroscopic 

Young’s modulus. 

Interesting results were obtained while considering potential energies of bonds. The average 

percentage contribution of different potential energies of bonds to the average overall potential 

energy of bonds during the breaking process was always constant. Normal energy was fixed 

around 61%, shearing energy around 38%. The smallest share belonged to bending energy and 

twisting energy, both of these energies being generally less than 1%. The relationship between 

kinetic energies of particles was not as clear as in the case of potential energy of bonds. Linear 

kinetic energy prevailed, ranging from about 80% to 96%. It was possible to distinguish be-

tween two groups of results for which the ratio between linear kinetic energy and rotational 

kinetic energy was about 80% to 20% or about 94% to 6%. A comparison with microscopic 

parameters of bonds led to the conclusion that the microscopic parameter – cohesion – was 

mainly responsible for this difference. 
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4.3 Brazilian test  

Simulations of the Brazilian test were the second part of the research. These results were pre-

sented at V International Conference on Particle-based Methods in Hannover, September 2017 

(Klejment and Dębski 2017). 

 

4.3.1 Motivation and outline 

The tensile strength of solid materials is one of the most important parameter that describes 

the behaviour of materials under mechanical load and thus its knowledge is of great practical 

importance (Lavrov and Vervoort 2002). However, the direct measurement of tensile strength, 

especially for brittle materials is quite difficult and thus only limited results are available. To 

cope with this situation, Akazawa (1943) has proposed an indirect method of estimation of the 

tensile strength known as the Brazilian test (Fig. 15). The method relies on diametrically load-

ing of a disk-like sample of a brittle material until it splits apart due to induced tensile stress as 

shown in Fig. 16. The justification of the method comes from the theory of elasticity which 

predicts that for an ideal homogeneous elastic cylinder of radius R and length L subjected to a 

diametrically linear loading P the stress inside the body reads (Hobs 1964; Zhang and Eckert 

2005):  

 

𝜎𝑥 =
𝑃

𝜋𝑅𝐿
−
2𝑃

𝜋𝐿
(

𝑥2(𝑅 − 𝑦)

[𝑥2 + (𝑅 − 𝑦)2]2
+

𝑥2(𝑅 + 𝑦)

[𝑥2 + (𝑅 + 𝑦)2]2
) 

 

𝜎𝑦 = −
𝑃

𝜋𝑅𝐿
−
2𝑃

𝜋𝐿
(

(𝑅 − 𝑦)3

[𝑥2 + (𝑅 − 𝑦)2]2
+

𝑥(𝑅 + 𝑦)2

[𝑥2 + (𝑅 + 𝑦)2]2
) 

 

𝜏𝑥𝑦 =
2𝑃

𝜋𝐿
(

𝑥(𝑅 − 𝑦)2

[𝑥2 + (𝑅 − 𝑦)2]2
−

𝑥(𝑅 + 𝑦)2

[𝑥2 + (𝑅 + 𝑦)2]2
) 

 

where x and y refer to coordinates, as shown in Fig. 16. As it follows from above, at the loading 

plane (x = 0) the σx and σy are normal stresses (σxy = 0) perpendicular and parallel to the loading 

plane, respectively, and the tensile stress σx is constant and reads 

 
 

  

Fig. 15. A sample before (left) and after experiment (right). 

(25) 
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Fig. 16. Sketch of the simulation setup used in numerical simulations. The horizontal loading plates are 

assumed to be perfectly rigid. The lower plate is fixed while the upper one moves downward with con-

stant velocity V providing the diameter loading of the disk (after Klejment and Dębski 2017). 

 

𝜎𝑇 =
𝑃

𝜋𝑅𝐿
                                                         (26) 

 

while the compressional stress σy increases from 3σx at the centre of the disk to infinity at the 

loading point. 

These formulas have been extended to a more realistic laboratory situations considering 

loading over a finite, bended surface, and nonhomogeneity and anisotropy of the material, to 

name a few extensions. The usefulness and simplicity of the Brazilian test follow directly from 

Eq. (26), which predicts that tensile is proportional to the loading. Thus, assuming that splitting 

of the samples occurs when tensile stress reaches the material tensile strength, it can easily be 

estimated from Eq. (26) by recording the loading force when the sample is crushed (Sator and 

Hietala 2010; Sator et al. 2008). 

The Brazilian test method has gained considerable popularity not only because of the sim-

plicity of its application but also due to more fundamental concepts concerning mechanisms of 

creation and development of the tensile fractures under simple initial and boundary conditions 

(Behera et al. 2005). However, it has also received considerable criticism because of the lack 

of robustness and proximity. These disadvantages are due to the fact that the Brazilian test 

results show a systematic overestimation of the tensile toughness with respect to values ob-

tained in direct measurements. Thus, there is a considerable ongoing discussion on reasons of 

these discrepancies. 

There remains an open question on the dynamics of nucleation and the development of the 

main tensile and secondary cracks resulting in a final breaking apart of the specimen. The clas-

sical theory predicts the creation of such crack in the centre of the sample where the compress-

ing stress is the smallest. After nucleation, the crack is expected to propagate along the loading 

plane outwards. However, in many experiments the crack was observed to nucleate not in centre 

but close to the sample surface (Hudson et al. 1972). Wing-type and secondary cracks were also 

observed (Cai 2013). Another open question is which criterion should be used for the estimation 

of the tensile strength. The most popular approach is based on the stress criterion according to 

which the material breaking occurs when tensile stress reaches the critical value and Eq. (26) is 

then directly used to calculate the tensile strength. However, this is fully an arbitrary choice. 

Another, physically justified strain criterion was proposed by Stacey (1981). Both criteria are 

equivalent (at least from the mathematical point of view) for perfectly elastic media but not if 

large deformation effects are considered. 
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Theoretical analysis of the Brazilian test method are based mainly on the classical contin-

uum mechanics (Claesson and Bohloli 2002; Exadaktylos and Kaklis 2001; Kundu et al. 2016) 

and is limited to the simplest cases. Analysis of more realistic cases can be done only numeri-

cally. Authors of such studies most often use different variants of the Finite and/or Boundary 

Element Methods (Onate and Rojek 2004; Cai and Kaiser 2004; Zhu and Tang 2006). Only 

recently, a simple but very interesting analysis based on the Fiber Bundle Method has been 

presented (Kundu et al. 2016). In this chapter, some of the abovementioned issues were ana-

lysed from a “molecular” point of view using the DEM (Abe et al. 2014).  

 

4.3.2 Simulation settings 

A number of numerical simulations of Brazilian test (Fig. 18) were performed considering the 

specimen in the form of disk (cylinder) of diameter 10 mm and thickness 5 mm and diametri-

cally loaded as shown in Fig. 16. The sample was built of spherical particles of varying sizes 

within predefined ranges. The maximum radius of used particles was always kept fixed and 

equal to Rmax = 0.2 mm. The minimum radius varies among simulations in the range of 0.027 

up to 0.1 mm. An external load was supplied by two perfectly rigid plates. The lower plate was 

fixed while the upper one moved downward with a constant velocity V = 4 mm/sec. Simulations 

ended when the vertical displacement of the upper plate reached the predefined level of 

 

Fig. 17. Example of facial views of a sample before loading (left) and after the creation of a tensile crack 

(right) in the middle of the sample (after Klejment and Dębski 2017). 

 

 

 

 

 

 

 

 

 

Fig. 18. The relationship between the maximum 

and minimum particle radii analyzed in simula-

tions. 
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0.2 mm, selected as large enough to induce the sample breaking and a beginning of the postfail-

ure stage. Fig. 17 shows facial views of one of the samples before and after the creation of a 

main tensile crack (but still before complete breaking of the sample) are shown. During loading, 

the vertical position of the upper plate and the total vertical force acting on it were recorded at 

each step; therefore, a stress-strain relation was continuously monitored. Besides, the total ki-

netic energy of particles and the total potential energy of inter-particle interactions were also 

recorded. 

The most nontrivial element of any DEM simulation is defining the particle interactions and 

breaking conditions. The model of “elastic-brittle interactions” supported by ESyS-Particle was 

used (BrittleBeamPrms). Full description of this kind of interactions can be found in the Sec-

tion 3.3.2. 

 

Table 8 

Brazilian Test simulations – parameter settings 

Particles size in accordance with Fig. 18 

Time step 2.0e-06 s 

Time steps 1000000 

Type of bonds 

Name: BrittleBeamPrms 

Parameters: 

name = “pp_bonds”, 

youngsModulus = 100000.0, 

poissonsRatio = 0.25, 

cohesion = 1000.0, 

tanAngle = 1.0, 

tag = 1 

Unbonded particles 

Name: FrictionPrms 

Parameters: 

name = “friction”, 

youngsModulus = 100000.0, 

poissonsRatio = 0.25, 

dynamicMu = 0.4, 

staticMu = 0.6 

Elastic repulsion with the walls 

Name: NRotElasticWallPrms 
Parameters: 

normalK = 1.0e+06 

Translational viscous damping 

Name: LinDampingPrms 

Parameters: 

viscosity = 0.002, 

maxIterations = 50 

Name: RotDampingPrms 

Parameters: 

viscosity = 0.002, 

maxIterations = 50 

Compressing rate 

Velocity 0.2 mm/s 

rampTime 500 time steps 
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In the current simulations, a question was raised how the size of particles building the sam-

ple influences simulation results. For this reason, particle interactions were fixed, and the load-

ing rate was also kept constant. The built disk samples consisted from about  5·104  up to almost  

2·106  particles and typical  5·104  time steps were required to break the samples apart. The time 

step which was used for the temporal integration (evolution) was fixed and reads  dt = 5·10–6 

(and was always smaller than time step calculated from the stability criterion Eq. (21) for all 

parameters sets). With this simulation setup computational time on 10 cores CPU workstation 

ranged between 6 and 90 hours. The full set of used parameters is presented in Table 8. 

 

4.3.3 Simulation results 

The first step of discussion about the obtained results starts from an analysis of the relation 

between the applied load and vertical displacement (strain) of the sample. The scaled together 

(for presentation purpose) strain-stress relations for five simulations are shown in Fig. 19 and 

few particular features are clearly visible in this figure. 

First, the maximum attained values of load Pmax, at which the samples break apart, strongly 

depend on the minimum size Rmin of particles building the sample. On the contrary, the critical 

strain dc at which fmax becomes weak depends on Rmin ranging from approximately 0.1 mm up 

to 0.12 mm. Consequently, the slope of the initial part of the strain-stress curves also signifi-

cantly varies with Rmin. Second, for small strains, the response of the sample to the load is 

essentially elastic, manifesting itself in an almost linear strain-stress dependence. The visible 

undulation of the curve is partially due to an acoustic wave generated at the beginning of loading 

when the upper plate “hits” the sample with a constant speed and partially due to a numerical 

noise. Only for very small strains (less than 0.01 mm) this linearity is broken and a “flattening” 

of the stress-strain curves is observed. This is a purely numerical effect linked to a non-optimum 

initial packing of particles in the samples. Third, the elastic behaviour vanishes at larger strains 

and manifests itself as a flattening of the curves. This plastic regime starts earlier for samples 

built of larger particles. In case of samples with Rmin  = 0.03 mm, the plastic regime appears just 

before reaching the maximum withstand load, while in samples built of particles with Rmin ~ 

 

Fig. 19. Load against the vertical displacement (strain) for five different samples composed of particles 

with different minimum radii Rmin. The maximum radius was fixed for all samples Rmax = 0.2 mm. The 

weak undulation in first part of curve is mainly due to acoustic waves generated by the abrupt beginning 

of loading of the samples in the beginning (after Klejment and Dębski 2017). 
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Fig. 20. Number of broken inter-particle bonds as a function of the vertical deformation of a sample 

(after Klejment and Dębski 2017). 

 

0.1–0.06 mm it starts almost in half of the strain value at given sample breaks. Finally, in the 

postfailure stage the stress drop rate is smaller for samples built of larger particles. It is inter-

esting to note that the postfailure stress reaches the minimum (complete breakage of the sample) 

for similar values of strain in all cases. To summarize, a significant mechanical strengthen-ing 

was observed for samples composed of smaller particles with respect to softer samples build of 

larger particles. However, the vertical deformation at which samples break apart only weakly 

depends on Rmin. 

In the next step the variation in the number of broken inter-particle bonds was analysed with 

the increase in load. The results are shown in Fig. 20 where separately scaled numbers of broken 

bonds for five considered samples are shown together. The behaviour of plotted curves is very 

similar in a narrow vicinity of critical strain dc when samples start to break for all but one case. 

An abrupt increase in bond breaking starts just around reaching the critical load Pmax and con-

tinues until the sample fully breaks and the load reaches the minimum value. Only for the very 

soft sample (Rmin = 0.1) inter-particle bonds start to break massively earlier and the process goes 

smoother with larger range of sample deformations. 

The particle composition of the samples influences significantly the initial part of curves 

corresponding to the elastic behaviour of samples. For deformations less than 0.1 mm (visible 

in Fig. 20), the smaller are particles inside the sample, the sooner inter-particle bonds start to 

break. Simultaneously, the smaller the Rmin, the larger the hardening of a sample before the final 

breakage is observed. This effect manifests itself by flattening of curves when the strain ap-

proaches 0.1 mm. Because during the simulations interaction bonds were not allowed to re-heal 

after breaking, the observed initial increase of bond breaking can be interpreted as beginning of 

a viscoplastic deformation of the samples. It should be noted that this effect is quite feeble and 

can hardly be visible in the strain-stress curves in Fig. 19. The degree of this induced viscosity 

significantly depends on the particle size. From a physical point of view this observation sug-

gests that at intermediate values of loading, some dislocations are induced in the samples. In-

deed, such dislocations are more probable for smaller particles and, for this reason, viscous 

behaviour would start earlier for samples with smaller Rmin. Moreover, the particle rearrange-

ment by dislocations very soon leads to denser particle packing and consequently to the hard-

ening of samples. Finally, for a very small deformation, no particle bond breaking was 

observed. This is a perfectly elastic regime. 
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Fig. 21. The absolute value of the kinetic (left) and potential energies of particle interactions (right) 

scaled to the maximum value obtained in all simulations (after Klejment and Dębski 2017). 

Next, the change in the potential energy of particle interaction and the particle kinetic energy 

was considered (without rotational energy) with progressing vertical deformation. The results 

are shown in Fig. 21. In the first approximation one can assume that an external compressional 

load induces harmonic repulsive forces between interacting particles. Consequently, a change 

in the total potential energy should be proportional to the squared sample deformation. Such a 

behavior is indeed visible in the right panel in Fig. 21 for small and intermediate deformations. 

For larger deformations, when the rupture process nucleates, the potential energy starts to be 

released and diminishes. Besides, these changes of the potential energy with deformation are 

different for samples with different Rmin. The potential energy increases most rapidly for sam-

ples build of smaller particles and reaches larger values, as expected. The samples built of 

smaller particle can accumulate larger elastic deformation (potential) energy. As a result, con-

sidering that the breaking (critical) strain dc only slightly increases with the decrease in Rmin and 

deformation at which the samples break apart is almost the same for all samples bacause the 

potential energy released is more abrupt for samples with smaller Rmin. Thus, it can be expected 

that the breaking process will be faster for samples build of smaller particles. 

As far as the kinetic energy Ekin is concerned, it is visible in the left panel of Fig. 21 that it 

is quite stable in the first phase of loading. Some increase and variations in Ekin at the interme-

diate loading can be attributed to the dislocation processes discussed above. During the break-

ing stage, the kinetic energy increases significantly due to the release of potential energy. The 

changes (mostly decrease) of Ekin in the postfailure stage are more complex due to a possible 

secondary cracking of the samples (Cai 2013). However, at this stage, the behavior of Ekin is 

also strongly influenced by a numerical dumping implemented in the used code and thus include 

a non-physical component. For this reason this stage is not analysed any more. 

Considering energy transformations during the loading and breaking stages of the process 

the difference was analysed between the work of the external load and the sum of the kinetic 

and potential energies. The obtained results are shown in Fig. 22. 

For small, elastic deformations the work of the loading force (ΔW) fully converts into the 

elastic (ET = Ekin + Epot) energy. Consequently, Γ = ΔW − ET  vanishes. At the intermediate 

loading stage a monotonic increase of Γ with the sample deformation can be observed. This is 

a signature of non-elastic transfer of external energy. This can be attributed to the breaking of 

inter-particle interaction bonds and particle dislocations. In real materials at this stage the ex-

ternal energy is also efficiently transformed into the heat energy. However, in performed sim-

ulations, the thermal effects were not considered. It is interesting to observe that at this stage Γ 

exhibits a strong dependence on particle size (Rmin). During the breaking stage (0.11 < dl < 

0.14) Γ further increases and finally saturates, as expected. 
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Fig. 22. The difference between external load work (ΔW) and the sum of kinetic and potential energies. 

The obtained values were scaled by the largest value obtained in all simulations (after Klejment and 

Dębski 2017). 

Fig. 23. The maximum critical load, critical strain dc and potential energy at dc strain as the function of 

= Rmax/Rmin (after Klejment and Dębski 2017). 

 

From the results shown in Fig. 19 it was noticed that the maximum load the sample can 

withstand depends significantly on Rmin. To analyze this issue deeper, the maximum loads Pmax, 

dc, and the potential energy at the dc strain for all considered samples were plotted, as shown in 

Fig. 23. 

The obtained results show that the dependence of Pmax on inverse of Rmin is almost perfectly 

linear. A quite similar behaviour is exhibited by the potential energy calculated for the strain 

when the load reaches its maximum value. The critical strain dc is also almost linearly dependent 

(but, much weaker) on the Rmax/Rmin ratio. Presently, no explanation of this observed Pmax (po-

tential energy) scaling was found. Indeed, a preliminary analysis carried out for a larger set of 

samples with different Rmax confirmed with a quite good approximation that Pmax depends only 

on the Rmax/Rmin ratio and thus the reported scaling holds. 
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4.3.4 Conclusions 

With the performed numerical simulations a few goals were attained. From the technical point 

of view, it was proved that ESyS-Particle software works correctly with this type of problems, 

providing the most advanced particle interaction model is used. The obtained results are in full 

agreement with similar results obtained both analytically and by a more traditional FEM meth-

ods (Cohen et al. 2009; Kundu et al. 2016; Li and Wong 2013). Moreover, exceptional abilities 

of the DEM method with solving problems including sample fragmentation was demonstrated. 

The method has allowed a detailed monitoring of internal microscopic state of loaded sam-

ples including changes in kinetic and potential energies of particles. From the physical point of 

view, an insight into the creation of the tensile cracks under the simulated laboratory conditions 

was obtained. It was able to monitor the nucleation and temporal evolution of a tensile crack 

which finally led to the breaking apart of Brazilian test samples. Following the evolution of the 

total kinetic and potential energies during loading it was possible to identify a few stages in a 

response of the samples to constant speed loading. At the beginning of loading, the elastic re-

sponse of the samples was clearly visible. For the intermediate loading, the samples exhibited 

a viscoelastic property due to the induced particle dislocations. At the end of this stage, large 

dislocation occurring in block resulted in a visible plastic behaviour of the samples and finally 

led to crack nucleation and breaking the samples apart. 

The most interesting was, however, observing how size of used particles influenced each of 

the above stage. Although relatively small range of particle sizes was used, the obtained results 

clearly showed that the most sensitive to the material composition is the intermediate loading 

stage when dislocations start to change the properties of materials and lead to crack nucleation. 

On the other hand, the rather weak dependence of the critical strain and the strain when the 

crack fully breaks the sample into two pieces shows that this failure stage is rather insensitive 

to the material composition. However, it seems that the most important result of the performed 

simulations is reporting of the scaling of the critical load which the sample can withstand with 

the inverse of the size of the smallest particles building the sample. At present, no physical 

explanation of the observed scaling can be given. 

4.4 Uniaxial stretching 

Simulations of the uniaxial stretching are the third case of this part of the dissertation. Some of 

these results were presented at 17th International Fatigue Congress in Poitiers, 2018 (Klejment 

and Dębski 2018). 

4.4.1 Motivation and outline 

In contrast to the theory of elasticity, which deals with materials that have a capacity to store 

mechanical energy, the theory of viscoelasticity is associated with those materials that are ca-

pable of dissipating mechanical energy as well as storing it (Pestel and Leckie 1963, Sadd 

2009). If a load is suddenly applied – but not impulsively so as to excite a dynamic response – 

an elastic material will respond instantaneously and reach a final state of deformation. There 

are materials for which a suddenly applied and maintained state of uniform stress induces an 

instantaneous deformation followed by a flow process that may or may not be limited in mag-

nitude as time elapses (Christensen 2010; Ferry 1965). This is the behaviour that is referred to 

as viscoelastic. The governing differential equations in viscoelasticity are linear if infinitesimal 

strains are considered, whereas they become nonlinear if large strains are involved. Viscoelastic 

materials can be modeled in order to determine their stress and strain or force and displacement 

relations as well as their temporal dependencies. Viscoelastic behavior has elastic and viscous 

components modeled as linear combinations of springs and dashpots, respectively (Eringen 

1962; Mavko et al. 1998). 
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The elastic components, as previously mentioned, can be modeled as springs of elastic con-

stant E, given the formula: 

 

 𝜎 = 𝐸𝜀   (27) 

 

where σ is the stress, E is the elastic modulus of the material, and ε is the strain that occurs 

under the given stress, similar to Hooke’s law. 

The viscous components can be modeled as dashpots such that the stress-strain rate rela-

tionship can be given as 

 

 𝜎 = 𝜂
𝑑𝜀

𝑑𝑡
 (28) 

 

where σ is the stress, η is the viscosity of the material, and dε/dt is the time derivative of strain. 

(Roylance 2001a). 

The most important viscoelastic models are, namely, the Maxwell model, the Kelvin–Voigt 

model, the standard linear solid model, and the Burgers model. They are used to predict a ma-

terial's response under different loading conditions. 

The Maxwell model can be represented by a purely viscous damper and a purely elastic 

spring connected in series (Fig. 24). The model can be represented by the following equation 

𝜎 +
𝜂

𝐸
𝜎̇ = 𝜂𝜀̇. Under this model, if the material is put under a constant strain, the stresses grad-

ually relax. When a material is put under a constant stress, the strain has two components. First, 

an elastic component occurs instantaneously, corresponding to the spring, and relaxes immedi-

ately upon release of the stress. The second is a viscous component that grows with time as long 

as the stress is applied (Lakes 2009; Roylance 2001a; Tanner 2000; McCrum et al. 1997; Mey-

ers and Chawla 2008). The Maxwell model predicts that stress decays exponentially with time. 

One limitation of this model is that it does not predict creep accurately. The Maxwell model for 

creep or constant-stress conditions postulates that strain will increase linearly with time. 

The Kelvin–Voigt model, also known as the Voigt model, consists of a Newtonian damper 

and Hookean elastic spring connected in parallel (Fig. 25). The constitutive relation is expressed 

as a linear first-order differential equation  𝜎 = 𝐸+ 𝜂̇. This model represents a solid under-

going reversible, viscoelastic strain (Lakes 2009; Roylance 2001a; Tanner 2000; McCrum et 

al. 1997; Meyers and Chawla 2008). Upon application of a constant stress, the material deforms 

at a decreasing rate, asymptotically approaching the steady-state strain. When the stress is re-

leased, the material gradually relaxes to its undeformed state. At constant stress (creep), the 

model is quite realistic as it predicts strain to tend to σ/E as time continues to infinity. Similar 

to the Maxwell model, the Kelvin–Voigt model also has limitations. The model is extremely 

good with modelling creep in materials, but with regards to relaxation the model is much less 

accurate. 

 

Fig. 24. Schematic representation of the viscoelastic Maxwell model (Roylance 2001a). 
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Fig. 25. Schematic representation of the viscoelastic Kelvin–Voigt model (Roylance 2001a). 

The standard linear solid model, also known as the Zener model, consists of two springs and 

a dashpot. It is the simplest model that describes both the creep and stress relaxation behaviors 

of a viscoelastic material properly. For this model, the governing constitutive relations are: 𝜎 +
𝜂

𝐸2
𝜎̇ = 𝐸1𝜖 +

𝜂(𝐸1+𝐸2)

𝐸2
𝜀̇ (Maxwell representation, Fig. 26), 𝜎 +

𝜂

𝐸1+𝐸2
𝜎̇ =

𝐸1𝐸2

𝐸1+𝐸2
𝜖 +

𝐸1𝜂

𝐸1+𝐸2
𝜖̇ 

(Kelvin representation, Fig. 26). Under a constant stress, the modeled material will instantane-

ously deform to some strain, which is the instantaneous elastic portion of the strain. After that 

it will continue to deform and asymptotically approach a steady-state strain, which is the re-

tarded elastic portion of the strain (Lakes 2009; Roylance 2001a; Tanner 2000; McCrum et al. 

1997; Meyers and Chawla 2008). Although the Standard Linear Solid Model is more accurate 

than the Maxwell and Kelvin–Voigt models in predicting material responses, mathematically it 

returns inaccurate results for strain under specific loading conditions. 

The Burgers model combines the Maxwell and Kelvin–Voigt models in series (Fig. 27). The 

constitutive relation is expressed as follows: 𝜎 + (
𝜂1

𝐸1
+
𝜂2

𝐸2
+
𝜂3

𝐸3
) 𝜎̇ +

𝜂1𝜂2

𝐸1𝐸2
𝜎̈ = 𝜂2𝜖̇ +

𝜂1𝜂2

𝐸1
𝜖̈. 

This model incorporates viscous flow into the standard linear solid model, giving a linearly 

increasing asymptote for strain under fixed loading conditions. 

 

 
 

Fig. 26. Schematic representation of the viscoelastic standard linear solid model. On the left is the Max-

well representation, on the right the Kelvin representation (Roylance 2001a). 

Fig. 27. Schematic representation of the viscoelastic Burgers model (Roylance 2001a). 
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Fig. 28. Schematic representation of the viscoelastic Wiechert model (Roylance 2001a). 

The Generalized Maxwell model, also known as the Wiechert model (Fig. 28), is the most 

general form of the linear model for viscoelasticity (Tanner 2000; McCrum et al. 1997; Meyers 

and Chawla 2008). It takes into account that the relaxation does not occur at a single time, but 

at a distribution of times. Due to molecular segments of different lengths, with shorter ones 

contributing less than longer ones, there is a varying time distribution. The Wiechert model 

shows this by having as many spring–dashpot Maxwell elements as are necessary to accurately 

represent the distribution (Mavko et al. 1998; Roderic 2019). 

 

 

 

 
 

  

Fig. 29. Crack nucleation in a three-dimensional elastic material – a sequence of snapshots of the sample 

state. Intensity of colours stands for kinetic energy of particles (grey – the lowest, red and black – the 

highest). 
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each other by springs with implemented damping. Examples of cracks nucleation in two- or 

three-dimensional material in such a DEM model are presented in Fig. 29 and 30 with boundary 

conditions as in Fig. 31. This simulation setup can be used to analyse the behaviour of cracking 

structures such as thin films (e.g., biological structures), metal coverings (e.g., aircraft fuse-

lages) or tailoring materials. Additionally, viscoelastic behaviour is also very common in geo-

physics. 

According to Brennan (1981) the anelastic behavior of rocks and the consequences of this 

anelasticity are topics of considerable interest. Problems involving anelasticity are naturally 

more tractable if the anelastic behaviour is linear, in which case it is described by the theory of 

linear viscoelasticity (Timár et al. 2010). For geophysicists one of the most significant results 

in the theory of linear viscoelasticity is an existence of dispersion relations which relate the 

frequency dependences of the phase velocity and the attenuation coefficient. Carcione (1990) 

observed that the anisotropic linear viscoelastic rheological relation constitutes a suitable model 

for describing the variety of phenomena which occur in seismic wavefields. Additionally, Car-

cione (1993) proposed two‐dimensional (2-D) and three‐dimensional (3-D) forward modeling 

in linear viscoelastic media. Yang et al. (2015) noticed that energy is absorbed and attenuated 

when seismic waves propagate in real earth media. Hence, the viscoelastic medium needs to be 

considered. Farrington et al. (2014) found that subduction of tectonic plates into Earth’s mantle 

occurs when one plate bends beneath another at convergent plate boundaries. The characteristic 

time of deformation at these convergent boundaries approximates the Maxwell relaxation time 

for olivine at lithospheric temperatures and pressures, it is therefore by definition a viscoelastic 

process. While this is widely acknowledged, the large‐scale features of subduction can, and 

have been, successfully reproduced assuming the plate deforms by a viscous mechanism alone. 

The presented research has focused mainly on analyzing the process of cracks nucleation in 

materials similar to viscoelastic, with different intrinsic parameters and subjected to various 

external loads. Simulated processes were considered with regards to energy changes inside the 

material during the loading, as well as deformations in the material structure. 

 

 

Fig. 31. The sample used in the simulations which consists of 3,587 randomly distributed particles with 

radii of 0.1–0.3 mm. 
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4.4.2 Simulation settings 

Simulations were conducted assuming that the tested materials can be described as a collection 

of “tight” packed spherical particles with different radii (statistical inhomogeneity of materials) 

in a given area interacting with each other by harmonic forces that can be represented as springs 

that connect the “molecules”. The simulations were performed by a relatively simple mecha-

nism of cracking solids under the influence of uniaxial stretching.  

Despite the simplicity of the used model, such simulations have already provided valuable 

information on the characteristics of the area around the tip of the developing cohesive zone. In 

performed simulations, the block of particles (Fig. 31) was inserted into the simulation object. 

Non-rotational elastic bonds between bonded particles were created as specified in the NRot-

BondPrms (Abe et al. 2014) parameter set. Detailed description of this kind of interaction can 

be find in the Section 3.3.2. The full set of used parameters is presented in Table 9. 

Table 9 

Uniaxial stretching simulations – parameter settings 

Particles size from 0.1 to 0.3 mm  

Time step 1.0e-05s 

Time steps 200000 

Type of bonds 

 

 

Name: NRotBondPrms 

Parameters: 

youngsModulus = 1.0e+06, 

poissonsRatio = 0.25, 

cohesion = 1000.0, 

tanAngle = 1.0 

Unbonded particles 

 

 

Name: NRotFrictionPrms 

Parameters: 

name = “pp_friction”, 

normalK = in accordance with Table 10, 

dynamicMu = 0.6, 

shearK = 100.0, 

scaling = True 

Elastic repulsion with the walls 

 

Name: NRotElasticWallPrms 

Parameters: 

normalK = the same as normalK  

in NRotFrictionPrms 

Translational viscous damping 

 

Name: LinDampingPrms 

Parameters: 

viscosity = 1.0, 

maxIterations = 100 

Stretching rate 

Velocity 5, 10 or 50 mm/s 

rampTime 1000 time steps 

 

4.4.3 Simulation results 

As it is shown in Table 10, various samples with different elastic stiffness of the bonds between 

particles were prepared. Samples (Fig. 31) had 3576 particles with radii from 0.1 to 0.3 mm and 

dimensions 10 mm × 10 mm × 1 mm. Firstly, a series of measurements of uniaxial stretching 
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were conducted with clamps velocity equal to 1 mm/s. The aim was to calculate the macro-

scopic Young’s modulus of the samples. In this way it was possible to recognize what type of 

real elastic material the checked samples correspond to.  

Then, after calibration, a series of measurements with three uniaxial stretching velocities: 5, 

10, and 50 mm/s were carried out. For each value the maximum stress when the main crack 

occurs was calculated. It was interesting to note that the maximum stress weakly depends on 

elastic stiffness for smaller values of this parameter (500–20000 for velocities 10 and 50 mm/s, 

500–10000 for velocity 5 mm/s). In this range, the character of cracking seemed to be similar. 

However, for higher values of elastic stiffness there was significant increase in the maximum 

value of stress. At the same time, for the same value of elastic stiffness, different uniaxial 

stretching velocities weakly influenced the maximum stress.  

Table 10 

Micro- and macro-parameters of models used in further analyses.  

The parameter k defines the strength of inter-particle interactions  

and E stands for Young’s modulus 

Model A B C D E F G 

k 500 1000 5000 10000 20000 50000 200000 

E [GPa] 1.57 2.56 10.81 20.41 39.54 95.01 363.89 

 

During the main part of the numerical experiment, the samples A–G were vertically 

stretched with three velocities: 5, 10 and 50 mm/s, until the samples completely split into two 

separate parts. The dragging force and the vertical strain of the samples were being monitored 

throughout the experiment. A special attention was paid to the strength of the samples – the 

maximum stress the samples can withstand. Because it was measured at a relatively large ver-

tical deformation rate, it was referred as the dynamical strength. At this point it should be re-

called that the classical laboratory strength measurements are quasi-static, i.e. performed with 

much lower dragging/compression as in presented experiments. The results are shown in  

Table 11. 

Table 11 

Maximum uniaxial strength of the considered samples in MPa  

for three considered dragging velocities 

Model A B C D E F G 

5 mm/s 732 733 742 814 1578 3890 14852 

10 mm/s 1465 1467 1483 1503 1634 4034 15176 

50 mm/s 7325 7335 7414 7510 7696 8209 16302 

 

Two conclusions can be drawn from the obtained results. First, for the relatively weak ma-

terials (models A–C) a weak dependence of the sample strength on its elastic stiffness is ob-

served, independent of the used dragging velocity. Moreover, this strength almost linearly 

increases with the dragging velocity. Thus, almost linear dynamic strengthening of the material 

is observed. Situation changes if harder materials are considered (models E–G). In such cases, 

for the lowest dragging velocity, 5 mm/s, the strength of the sample increases almost linearly 

with E. For intermediate velocity, 10 mm/s, some deviation from this linearity is observed, 

which finally leads to breaking down of the sample for the highest dragging velocity. For these 
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models, velocity-dependent strengthening of the materials can be also seen, which decreases, 

however, for more stiff samples, almost vanishing for the sample G. 

Three types of cracking 

By analysing the stress-strain curves, three different types of cracking were distinguished:  

1. Type I: when multicracking occurs and, as a result, the cracking disperses in time. For this 

type of cracking, it is impossible to determine the main breaking event at a specific time. An 

example of the stress-strain curve for this type of cracking and a snapshot of crack development 

are shown in Fig. 32. 

 

 
 

Fig. 32. An example of the stress-strain curve (right) and snapshot of the fracturing process for the type 

I of cracking. 

2. Type II when dominating “macro-cracks” accompanied by smaller micro-cracks are devel-

oping. An example of the stress-strain curve for this type of cracking and a snapshot of cracks 

development is shown in Fig. 33. 

Fig. 33. An example of the stress-strain curve (right) and snapshot of a fracturing process for the type II 

of cracking. 
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3. Type III when a single crack is created. An example of the stress-strain curve for this type of 

cracking and a snapshot of crack development are shown in Fig. 34. 
 

 

 

Fig. 34. An example of the stress-strain curve (right) and snapshot of a fracturing process for the type 

III of cracking. 

In fact, the difference between cracking types I and II is quite visible, while the difference 

between types II and III is much less pronounced and manifests itself in a “noisy” linear (elastic) 

part of the stress-strain curve (type II) due to a development of secondary micro-cracks. 

The observed type of cracking appears with a certain regularity depending on the experiment 

setup, as follows from Table 12. Type I is observed for the weakest materials only. Moreover, 

when the dragging velocity is high, stronger materials break by type I cracking. Type II and III 

are observed for stronger materials only with a tendency to fracturing according to type II rather 

than type III. 

Table 12 

Types of observed cracking 

Model A B C D E F G 

5 mm/s I I II III II II II 

10 mm/s I I I III II II II 

50 mm/s I I I I III III II 

 

Kinetic and elastic energy 

The kinetic energy refers here to the total kinetic energy of all particles at every time step. This 

energy is related only with the linear movement of the particles because rotational ones are not 

considered in performed simulations. On the x-axis, the strain (right) and the strain scaled to 

the maximum value (left) during simulation are presented. 

The higher the elastic stiffness of the bonds, the higher the kinetic energy during uniaxial 

stretching (Fig. 35). It is interesting to note that for the same velocity, 5 mm/s, all curves have 

almost the same shape and the maximum occurs for the same strain. 
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Fig. 35. Kinetic energy of all particles as a function of scaled strain (left) and strain (right) for uniaxial 

stretching with 5 mm/s velocity. 

  

Fig. 36. Kinetic energy of all particles as a function of scaled strain (left) and strain (right) for uniaxial 

stretching with 10 mm/s velocity. 

  

Fig. 37. Kinetic energy of all particles as a function of scaled strain (left) and strain (right) for uniaxial 

stretching with 50 mm/s velocity. 

Figure 36 shows the dependence for 10 mm/s velocity. The energy of the cracking process 

is higher; however, it is not two times as one would expect on the basis of velocity change from 

5 to 10 mm/s. It is interesting, as shown in Figs. 35–37, that the strain, when the peak of the 

kinetic energy occurs, seems not to depend on the stretching velocity and elastic stiffness of 

bonds. In the abovementioned figures, the strain is scaled to the maximum value; however, in 

real numbers, the strain is almost the same for all simulations. 
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Potential energy 

Potential energy describes all kinds of interactions connected with bonds between particles. As 

in case of kinetic energy, this is total value in every time step. Results are shown in Figs. 38–

40. Two interesting results can be observed. First, as in the case of kinetic energy, the strain for 

which peak of energy occurs seems not to depend on the stretching velocity and elastic stiffness 

of bonds. Additionally, the maximum value of potential energy strongly depends on elastic  

 

  

Fig. 38. Potential energy of all bonds between particles as a function of strain (left) and scaled strain 

(right) for uniaxial stretching with 5 mm/s velocity. 

  
Fig. 39. Potential energy of all bonds between particles as a function of strain (left) and scaled strain 

(right) for uniaxial stretching with 10 mm/s velocity. 

  
Fig. 40. Potential energy of all bonds between particles as a function of strain (left) and scaled strain 

(right) for uniaxial stretching with 50 mm/s velocity. 
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stiffness; however, it does not depend much on velocity. For instance, for an elastic stiffness of 

200 000 N/mm, the total maximum potential energy is equal to about 80 000 J and only slightly 

changes when the velocity increases from 5 to 50 mm/s. 

Number of bonds 

The initial number of bonds between particles inside the material was about 9700. The relation-

ship between the number of bonds as well as elastic stiffness and velocity is shown in Figs. 41–

43. For velocity of 5 mm/s, paradoxically, the highest loss of bonds occurred for elastic stiffness 

1,000. This clearly shows that there is no clear relationship between these parameters. For 
 

  

Fig. 41. Number of bonds between particles as a function of scaled strain (left) and strain (right) for 

uniaxial stretching with 5 mm/s velocity. 

  
Fig. 42. Number of bonds between particles as a function of scaled strain (left) and strain (right) for 

uniaxial stretching with 10 mm/s velocity. 

  
Fig. 43. Number of bonds between particles as a function of scaled strain (left) and strain (right) for 

uniaxial stretching with 50 mm/s velocity. 
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v = 5 mm/s v = 10 mm/s v = 50 mm/s 

   

   

   

   

   

   

   

 Fig. 44. Dynamics of changes in the number of bonds for dragging velocities: 5, 10, 50 mm/s and 

different elastic stiffness of bonds. 
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velocity of 10 mm/s, a similar result is observed, as shown in Fig. 42. The result for 50 mm/s 

velocityis quite interesting, which is shown in Fig. 43. For this type of stretching, the change in 

the number of bonds is the most rapid and after cracking quickly becomes constant. 

Dynamics of changes in the number of bonds 

In Fig. 44 the results of investigation on the number of broken bonds with time are presented. 

It was checked how many bonds disappear in every time step for stretching velocities of 5, 10 

and 50 mm/s for different elastic stiffness of bonds. For higher values of K and for larger ve-

locities, bonds disappear significantly faster.  

Maximum kinetic and potential energy 

Almost linear dependence was observed between the maximum kinetic energy during the entire 

simulation and stretching velocity, for different values of elastic stiffness of bonds (Fig. 45). 

Meanwhile, the maximum potential energy was almost constant as a function of stretching ve-

locity (Fig. 46).  
 

 

 

 

 

 

Fig. 45. The relation-

ship between the max-

imum kinetic energy 

during the entire simu-

lation and stretching 

velocity for different 

elastic stiffness of 

bonds. 

 

 

 

 

 

 
 

Fig. 46. The relation-

ship between the max-

imum potential energy 

(of bonds) during the 

entire simulation and 

stretching velocity for 

different elastic stiff-

ness of bonds. 
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4.4.4 Summary 

In the presented research, numerous parameters related with uniaxial stretching of sample were 

investigated for different elastic stiffness of the bonds between particles and stretching velocity. 

It was possible to distinguish three different types of cracking for materials and the macroscopic 

Young’s modulus of the whole sample and the maximum stress when the main crack occurs 

were calculated. Additionally, the relationship between the kinetic energy of particles due to 

linear movement, potential energy of bonds between particles, and the number of bonds be-

tween particles as a function of stretching velocity and elastic stiffness of the bonds were ana-

lysed. 

4.5 Conclusions 

DEM modelling was applied in this chapter to simulate fracturing of different materials during 

three basic material tests: uniaxial compression, Brazilian test and uniaxial stretching. This re-

search was mainly related to analysis of parameters describing particles of the matter and bonds 

between them during a growing external load. 

Considerations were started with probably the most common and popular material test – 

uniaxial compression. These simulations provided results in three groups of issues: dependen-

cies between microscopic and macroscopic parameters of samples with different densities, as 

well as average potential energy of bonds and average kinetic energy of particles as a function 

of increasing external load. One of the clearest relationships between microscopic and macro-

scopic parameters was this between the microscopic Young’s modulus and the macroscopic 

Young’s modulus. A higher value of the first parameter corresponds very clearly to a higher 

value of the second parameter. Another conclusions came from the observation of a parameter 

such as cohesion. When keeping the remaining microscopic parameters fixed, the change in 

cohesion did not affect macroscopic parameters, Young’s modulus and Poisson’s ratio, or af-

fects them slightly. For some of the results, the higher microscopic cohesion corresponds to the 

lower macroscopic Young’s modulus. It was also concluded that the lower microscopic Pois-

son’s ratio translates straightly into a higher macroscopic Young’s modulus. Additionally, mi-

croscopic Poisson’s ratio and tangent of the friction significantly affect macroscopic Poisson’s 

ratio, while their influence on macroscopic Young’s modulus is much weaker. 

Interesting results were obtained when considering potentials energies of bonds as a func-

tion of external load. It appeared that the average percentage contribution of different potential 

energies of bonds to the average overall potential energy of bonds during the breaking process 

is always constant. Namely, the share of particular energies was 61% for the normal energy, 

38% for shearing energy, bending energy and twisting energy were generally less than 1%. 

Similar analysis of average kinetic energies of particles in a function of external load was not 

as clear as in the case of potential energy of bonds. Results showed that linear kinetic energy 

prevails, ranging from about 80% to 96%. Within these data it was possible to distinguish two 

separated groups of results for which the ratio between linear kinetic energy and rotational ki-

netic energy was about 80% to 20% or about 94% to 6%. After a comparison with relevant 

microscopic parameters of bonds it appeared that the microscopic parameter of cohesion was 

responsible for these different ratios.  

In the next step, the issue of Brazilian test was taken, popular geotechnical laboratory test 

for indirect measurement of tensile strength of materials. By performing these kind of numerical 

simulations a few goals were attended. The DEM method allowed a detailed monitoring of the 

internal microscopic state of a loaded sample including changes in particle kinetic and potential 

energies, to name a few. From the physical point of view, an insight was obtained into creation 

of the tensile crack under the simulated laboratory conditions. It was possible to monitor the 
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nucleation and temporal evolution of tensile crack which finally lead to breaking apart of Bra-

zilian test samples. Following an evolution of the total kinetic and potential energies during 

loading, a few stages were identified in a response of the samples to constant speed loading. At 

the beginning of loading, the elastic response of the samples was clearly visible. During the 

intermediate loading, the samples exhibited a viscoelastic properties due to inducing particles 

dislocations. At the end of this stage, large dislocation occurring in block resulted in a visible 

plastic behaviour of the samples and finally lead to crack nucleation and breaking the sample 

apart. 

Moreover, it was very interesting to observe how size of the used particles influenced each 

of the abovementioned stages. Although relatively small range of particle sizes was used, the 

obtained results clearly show that the stage most sensitive to the material composition was the 

intermediate loading stage when dislocations start to change the properties of materials and lead 

to a crack nucleation. On the other hand, the rather weak relationship of the critical strain and 

the strain when the crack fully breaks the sample into two pieces shows that this failure stage 

is rather insensitive to the material composition. However, it can be concluded that the most 

important result of the performed simulations was reporting of the scaling of the critical load 

that the sample could withstand as a function of the inverse of the size of the smallest particles 

building the sample.  

The third and final stage of this part of the research were DEM simulations of uniaxial 

stretching. The performed simulations were related to a relatively simple mechanism of crack-

ing of solids under the influence of uniaxial stretching force. A series of measurements were 

carried out with different stretching velocities. For each of them, the maximum value of stress 

when the main crack occurs was calculated. An interesting point was that the maximum stress 

weakly depends on elastic stiffness for smaller values of this parameter. In this range, the char-

acter of cracking seemed to be similar. However, for higher values of elastic stiffness there was 

a significant increase in the maximum value of stress. At the same time, for the same values of 

elastic stiffness different uniaxial stretching velocities weakly influenced the maximum stress. 

Additionally, due to analysing stress-strain curves, it was possible to distinguishe three different 

types of cracking: type I, when multicracking occurs and the cracking is dispersed in time; for 

this class of process it was impossible to extract the main breaking event at its specific time; 

type II, when dominating “macro-cracks” accompanied with smaller micro-cracks were devel-

oping; type III, when a single crack was created.  

Furthermore, the kinetic energy and potential energy of the bonds were analysed. Two in-

teresting issues could be observed. First, it was interesting to note that the peak of the kinetic 

energy occurred always for the same value of strain, and did not depend on stretching velocity 

or elastic stiffness of bonds. Second, the maximum value of potential energy strongly depended 

on elastic stiffness, but it did not depend very much on velocity. Another observation concerned 

an almost linear relationship between the maximum kinetic energy during entire simulation and 

stretching velocity, for different values of elastic stiffness of bonds. At the same time, the max-

imum potential energy was almost constant as a function of stretching velocity. 

Summarizing, in this chapter there was presented the DEM modelling of different basic 

material tests. In laboratory conditions, such experiments are aimed at measurement of the char-

acteristics and behaviour of different substances under various conditions. The data obtained in 

this way can be used in specifying the suitability of materials for various applications. However, 

not every aspect of the fracturing process can be analysed by experimental methods. The aim 

of this research was applying computer modelling to obtain a complementary data, not available 

experimentally. DEM models were created to study the microscopic aspects of fracturing, es-

pecially all issues connected with particles interactions, rotations and movements as a function 
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of external load. Performed simulations can be useful in predicting capabilities of the different 

structures and its intrinsic response to applied external load. 

5. DISCRETE ELEMENT SIMULATIONS OF GLACIER CALVING 

5.1 Introduction 

DEM simulations presented in the previous part of the dissertation concerned the fracturing 

process of materials in a relatively small, laboratory scale (order of millimeters). Meanwhile, 

the second part of the dissertation is devoted to DEM simulations of real fracturing phenomenon 

– glacier calving. The motivation to take up this subject are current climate changes, which give 

a high priority to research on polar regions, particularly to glaciers. Application of numerical 

methods for uncovering the mysteries of glaciers is a quite new and promising approach. 

The mass of glaciers and their thermal inertia are very large, so it takes many years to ob-

serve the effect of temperature changes on melting and retreating of glaciers (Schulson and 

Duval 2009; Timco and Frederking 1996; Timco and Weeks 2010). However, it turns out that 

the current scale of changes is unique in the scale of history. For instance, Strzelecki et al. 

(2018) presented the results of several years research on the coasts of Spitsbergen. It appeared 

that the forehead of concerned glacier retreated 1,600 meters compared to the 1930s and lost 

60% of its area. Such processes have accelerated especially in the last 30 years. The accelerated 

pace of glaciers melting is one of the most important symptoms of current climate changes. The 

World Glacier Monitoring Service reported in 2013 (basing on data from 100 glaciers around 

the world) that the mass balance for all reference glaciers is constantly decreasing (The World 

Glacier Monitoring Service, https://wgms.ch). The mass loss of glaciers occurs due to various 

processes, among which one of the most significant is calving, still poorly understood.  

The term “glacier calving” covers the wide range of processes through which intact chunks 

of ice are discharged to the seas and the oceans from the termini of glaciers or the margins of 

ice shelves (Benn et al. 2007a, Jania 1997). Examples of a water-terminating glaciers are pre-

sented in Figs. 47–49. Calving of such glaciers is normally caused by the expansion of the glac-

ier, and it occurs as a sudden release and breaking away of a mass of ice from a forehead 

(Burgess et al. 2005, Jania 1997). The ice that breaks away can be classified as an iceberg, but 

may also be a growler, bergy bit, or a crevasse wall breakaway. Calving of glaciers is often 

accompanied by a loud cracking or booming sound before blocks of ice up to 60 meters high 

break loose and crash into the water. The entry of the ice into the water causes large, and often 

hazardous waves (Andrews 1985; Bahr 1996; Benn et al. 2007b; Chaplin 2016). 

A detailed description of the mechanisms controlling the calving is essential for the reliable 

estimation and prediction of mass loss from glaciers. However, collecting the relevant data is a 

demanding task. On-site measurements are often difficult and dangerous (Górski 2014; Górski 

and Teisseyre 2006). The research used so far focused mainly on the satellite data, but the res-

olution of commonly available photos is relatively small, so, the quality of results is conse-

quently low. Quite new and promising method is gathering the relevant information about 

glaciers by analysing signals, which are spread by glacier. Many various signals are associated 

with glaciers, and they result from internal, as well as external factors. Glaciers vibrate under 

the influence of external factors, such as wind, and the sound they emit is called the “singing” 

of glaciers. Analyzing “singing” can help monitor changes inside the glacier. Chaput et al. 

(2018) carried out detailed research on the Ross Ice Shelf. The ice vibrated differently when 

strong winds moved large amounts of snow or when the air temperatures on the surface grew 

or decreased, which influenced the speed of seismic waves moving in the snow. Analysis of 

these vibrations can give clues how the glacier reacts on the changing climate conditions, and 

changes in the “melody” may be a warning signal that the glacier is in danger of disintegration. 

Glaciers also emit signals due to the internal factors. Glowacki et al. (2015) contributed to the 
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Fig. 47. Nordenskiöld Glacier and Tuna Glacier (in the middle), Spitsbergen. Photos by Piotr Klejment 

(top and middle) and Anders Stordal Fjeldsbø (bottom). 
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Fig. 48. Nordenskiöld Glacier, Spitsbergen. Photos by Anders Stordal Fjeldsbø. 
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Fig. 49. Nordenskiöld Glacier (bottom) and Tuna Glacier (top), Spitsbergen. Photos by Piotr Klejment 

(top) and Giuseppe Matera (bottom). 
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development of a new method of glacier mass loss estimation. It turns out that thanks to the 

analysis of underwater sounds associated with the calving of glaciers, it is possible to estimate 

how much ice was detached. A relatively simple method – recording the underwater sounds – 

can say not only when the glacier is calving, but also allows to discriminate different types of 

this phenomenon.  

Motivated by abovementioned research, this chapter is devoted for describing the DEM ap-

plication to glacier calving process. DEM was used to simulate fracturing of the glacier during 

calving, and then, to analyse signals propagating inside the glacier and in water after the frac-

turing occured. 

In general, the DEM has a great potential in the area of glaciology. A model consisting of 

discrete particles fits ideally for simulating brittle behaviour of ice, especially in the case of 

glaciers (glacier calving, glaciers surging), icebergs, ice floe, etc. Numerical modelling offers 

a new approach to study the mentioned phenomena and can be a complementary tool for field 

and laboratory efforts in discovering the secrets of glaciers (Jarosch 2008, Gagliardini et al. 

2013, Jouvet et al. 2011, Le Meur 2004; Zwinger and Moore 2009).  

The history of DEM applications in glaciology is relatively short due to the heavy compu-

tational burden of this method (Nick et al. 2010). Most of the research papers on DEM appeared 

in recent several years, usually with two-dimensional approach. It is worth to mention a few of 

these papers. Robel (2017) analyzed thinning sea ice that weakens buttressing force of iceberg 

mélange. In this research a discrete element model was used to simulate explicitly mélange as 

a cohesive granular material. Åström et al. (2014) worked on termini of calving glaciers as self-

organized critical systems. This work focuses on the discrete nature of calving and the under-

standing of the process itself. On the basis of the calving data obtained from small events on 

glaciers up to the size of ice-shelves, the authors give strong arguments that calving fronts be-

have as self-organized critical systems that switch from subcritical stable to supercritical calv-

ing modes. DEM was also used (Damsgaard et al. 2013) to model subglacial sediment 

deformation and to investigate the highly nonlinear dynamics of a granular bed when exposed 

to stress conditions comparable to those at the bed of warm-based glaciers. Herman (2016) 

proposed a discrete-element-bonded-particle sea ice model. In this model, sea ice was repre-

sented as an assemblage of objects of two types: disk-shaped “grains” and semi-elastic bonds 

connecting them. The grains move on the sea surface under the influence of forces from the 

atmosphere and the ocean, as well as interactions with surrounding grains. Riikilä (2017) used 

the DEM model to simulate various ice-specific applications with resulting flow rates that were 

compatible with Glen’s law, and produced under fragmentation fragment-size distributions that 

agreed with the known analytical and experimental results. Riikilä et al. (2015) also developed 

simulations of calving of an ice block partially supported in water, which was similar to a 

grounded marine glacier terminus, and fracturing of an ice block on an inclined plane of varying 

basal friction, which could represent transition to fast flow or surging.  

In comparison to the abovementioned research, the application of DEM to glaciology pre-

sented here is a little bit different. A numerical model, presented in this dissertation, represents 

the glacier’s forehead and the water beneath it. Under the influence of the force of gravity, the 

fragment of the glacier took off and fell into the water. Various possible scenarios of such frac-

turing were explored when a block of different sizes fell to water from different heights. The 

whole process was tracked and recorded by a network of receivers placed in a water reservoir, 

as well as inside the glacier. The results obtained in this way allowed to describe the dependence 

between different scenarios of calving and resulting signal propagation in the water and inside 

the glacier.  
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5.2 Simulation settings 

Simulating glacier behaviour requires a thorough knowledge of ice properties. From the numer-

ical point of view, the insight into ice structure is necessary to know what simplifications should 

be adopted. Ice is an extremely complicated structure (Dobrowolski 1923; Hobbs 1974) and 

full 3D simulations of large-scale glacier including all parameters, for example, mechanical, 

thermal, electric, etc., are simply impossible. In fact, ice has 18 different crystal structures and 

three amorphous states (Chaplin 2016). The form that exists under the typical temperature and 

pressure conditions of glaciers and ice sheets is termed as ice Ih (Greve and Blatter 2009). The 

letter h stands for hexagonal because water molecules in this type of crystalline form are ar-

ranged in layers of hexagonal rings. The hexagonal plane is referred to as the basal plane and 

perpendicular to this plane is the optic axis or c-axis (see Fig. 50a). 

 

Fig. 50. Ice at different scales: (a) crystal hexagonal structure of ice Ih, and (b) polycrystalline ice formed 

from distinct ice crystals. In (a) the circles represent oxygen atoms of H2O molecules, and in (b) the lines 

represent directions of c-axes (from Riikilä 2017). 

The elastic and brittle properties of the hexagonal crystal structure are highly anisotropic 

(Jania 1997; Weeks and Assur 1967). Fortunately, large ice masses do not occur in single crys-

tals but as an aggregate of them, i.e., as polycrystalline ice (Fig. 50b). Inside a single crystal of 

polycrystalline ice the c-axes are more or less oriented in the same direction (variations occur 

due to crystallographic defects) but in a large collection of randomly oriented crystals the ani-

sotropy of single crystals is averaged out and the material becomes effectively isotropic (Walter 

et al. 2010; Cuffey and Paterson 2010; Glen 1955). The typical size of crystals or grains is in 

the submillimeter scale in freshly formed or highly deformed ice, to tens of centimeters in very 

old or slowly moving ice (Greve and Blatter 2009). In a glacier measured in hundreds of meters 

or kilometres, the isotropy assumption is well justified; hence, this assumption was adopted in 

presented DEM model. 

Within the scope of this part of the work two main issues were undertaken: creation of a 

DEM model that can mimic a glacier calving and a measurement of parameters linked with this 

process, and, subsequently, an attempt to find a relationship between two parameters character-

izing calving (the size of an ice block falling to the water and the height from which the fall 

occured) and accelerations of the glacier and water particles. Created DEM model consists of 

two blocks of particles. One block contains bonded particles and represents glacier. The second 

block consists of unbonded particles that undergo frictional interactions and represents water. 

The 2D cross-section of the model is presented in Fig. 51. Ice-like block of particles is 2 meters 

in depth, 10 meters in height, and maximally 45 meters in length. One of the dimensions is  
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Fig. 51. The 2D cross-section of DEM model of calving glacier. 

much smaller than the other dimensions; the idea underlying this simplification was to save 

computational time. The length of the glacier is changeable because the falling down part of 

the ice to the water could be 9, 10 or 11 meters long. The ice block that enters the water could 

have dimensions of 180 m3 (9 m × 10 m × 2 m), 200 m3 (10 m × 10 m × 2 m), or 220 m3 (11 m 

× 10 m × 2 m). Water-like block of particles has dimensions of 35 m × 20 m × 2 m. Particles 

were connected by BrittleBeamPrms interaction, described wider in the Section 3.3.2.  

The preparation of an appropriate model was complicated due to the fact that a glacier is 

not a uniform mass consisting of ice with the same properties, but is a mixture of different types 

of ice and snow. Glacial ice is a grain-shaped ice, which is the result of several transformations 

under the influence of the accumulation of successive layers of snow. Multiple melting leads to  

 

  
 

Fig. 52. Part of the glacier goes down due to gravity force – a snapshot from the simulation. In the right 

bottom corner – a view of breaking bonds. 
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a change in the structure of snow from fine crystalline (snowflakes) to “ice porridge”, called a 

firn. Subsequent melting and freezing remove most of the air remaining between the ice grains, 

resulting in formation of the firn ice, much more dense than the density of snow. Under the 

influence of the weight generated by snow, the bottom layer of ice transforms into a blue ice 

made of large (up to a few centimetres in diameter) ice grains. Taking into account the above-

mentioned information, some simplifications had to be adopted when choosing appropriate mi-

croscopic parameters for a DEM model. 

The purpose of the presented research was not to test the properties or breaking process of 

ice itself, so the following simplifications have been made. Model parameters were selected to 

fulfil the three basic assumptions: to obtain the effect of brittle fracturing of the hanging part of 

the glacier under the influence of gravity; to obtain the effect of breaking into pieces of ice 

block during the contact with the water surface; and to prevent collapsing of glacier main body 

under influence of the gravity force (Fig. 52). The full set of parameters used in simulations is 

presented in Table 13. 

Table 13 

The set of parameters used during DEM glacier simulations 

Particles size from 200 to 800 mm inside the glacier 

from 67 mm to 267 mm inside the water 

Time step dt = 1.0e-04 s 

Time steps time_steps = 2000000 

Density of particles 940 kg/m3 in a glacier 

1000 kg/m3 in a water 

Type of bonds 

 

 

Name: BrittleBeamPrms 

Parameters: 

youngsModulus = 1.0e+06, 

poissonsRatio = 0.25, 

cohesion = 1000.0, 

tanAngle = 1.0 

  

Unbonded particles 

 

 

Name: FrictionPrms 

Parameters: 

youngsModulus = 1.0e+06, 

poissonsRatio = 0.25, 

dynamicMu = 0.4, 

staticMu = 0.6 

Elastic repulsion with the walls 

Name: NRotElasticWallPrms Parameters: 

normalK = 1.0e+06 

Translational and rotational viscous damping 

 

Name: LinDampingPrms 

Parameters: 

viscosity = 0.002, 

maxIterations=50 

 

Name: RotDampingPrms 

Parameters: 

viscosity = 0.002, 

maxIterations = 50 
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Fig. 53. Examples of the selected snapshots from the glacier calving process simulated with DEM.  

On the scale color means ice particles (white) or water partciles (blue). 
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An important limiting factor for the simulation was a computational time. Due to it, particles 

inside the modelled glacier were taken much bigger than in reality (several times), and particles 

creating the water were also large to reduce the number of particles involved in the simulation. 

As mentioned earlier, the parameters of bonds between glacier particles were chosen to obtain 

the effect of brittle fracturing. Very challenging issue was to imitate liquid (water) in the pre-

sented model. It has been decided to model the water below the glacier as a collection of un-

bonded particles. Very important property of fluids is a viscosity that characterizes their internal 

friction resulting from the shifting of fluid layers during the flow. In the presented model, vis-

cosity was taken into account by applying frictional interactions between particles.  

The selected snapshots of simulated calving process are presented in Fig. 53. 

The aim of the presented simulations was the analysis of the calving process. For this pur-

pose, some particles were selected as “receivers” and their accelerations along x-, y-, and z-axis 

were recorded. There were six receivers inside the water and four receivers inside the glacier 

(Fig. 54).  

 

 

Fig. 54. Network of receivers during glacier calving simulations with receivers numbers (cross-section 

of the model). 

The contact time (time when a falling down block of ice hits the surface of a water) of the 

height of 10 m was approximately 55 s; of 5 m, approximately 41 s; and of 3 m, approximately 

36 s. 

5.3 Simulations results 

Results are divided into two main categories with respect to analysed signals, water-located 

receivers and glacier-located receivers.  

5.3.1 Water-located receivers 

This section includes data recorded by six receivers placed in water (see Fig. 54). Nine different 

combinations of parameters were analysed, for the volume of ice 180, 200, 220 m3 falling down 

from height of 3, 5, and 10 m. On the basis of obtained results, it was attempted to draw con-

clusions about the characteristics of waves generated in water by falling mass. 
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Fig. 55. Simulated acoustic signals generated by 180 m3 of ice falling from the height of 3 m: accelera-

tion readings from receivers 1 to 6 placed in water. 

Figure 55 shows the accelerations of the six receivers placed in the water, when 180 m3 of 

ice falls from the height of 3 m. Receiver 1 has rerecorded high accelerations peaks around the 

impact time – just after the 36th second. Duration of the signal was approximately less than 10 

seconds. Receiver 2 started to accelerate later than receiver 1. It has recorded the biggest accel-

eration between 55 and 110 second. Relatively long duration of these vibrations was probably 

caused by reflections of the waves inside the tank and their superposition, as experienced by 

receiver 2. Interestingly, receiver 3 noted only small disturbances during the whole simulation; 

probably, at this distance, signals have been already dumped. For the receivers placed in depths, 
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the results are as follows. Receiver 4, just below the place of impact, recorded rapid acceleration 

toward negative direction of the x-axis around the 40th second. This can be related to the wave 

propagation after the ice enters the water. Receiver 5 noted acceleration before the event on the 

surface; this may be the numerical result of preliminary movements of particles inside the tank. 

Receiver 6, in the left bottom corner of the tank, seems to be insensitive to external interference. 

 

 
 

 
 

 
 

Fig. 56. Simulated acoustic signals generated by 200 m3 of ice falling from the height of 3 m: accelera-

tion readings from receivers 1 to 6 placed in water. 
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the packing algorithm. These are the number of consecutive failed particle insertion attempts 

allowed before the algorithm gives up and terminates (insertFails), the maximum number of 

iterations for the internal sphere fitting procedure (maxIterations) and the precision of the 

sphere fitting, i.e., the maximum tolerance up to which two particles are still considered touch-

ing (tolerance). The values insertFails=1000, maxIterations=1000 and tolerance=1e-6 usually 

work fine for small to medium models. For large models it is necessary to increase the value of 

insertFails to obtain a good packing of the particles. The value of tolerance should be considered 

in relation to the particle radii. A sixth parameter seed can be used to force a re-seeding of the 

random number generator before the packing algorithm starts. Setting seed=True guarantees a 

different packing with each run of the script, otherwise, the run is system-dependent.  

 

Generating an assembly of particles includes the following three steps: 

1. generating a block of unbonded particles, 

2. creating bonds between neighbouring particles, and 

3. specifying the type of interactions between bonded-particle-pairs. 

 

For generating a block of unbonded particles ESyS-Particle provides four methods for gen-

erating a block of particles: SimpleBlock – generates a block of particles whose centres-of-mass 

reside on the vertices of a regular cubic lattice. This is the simplest configuration but is typically 

not the best choice for serious simulations because the particle-packing is not ideal (the porosity 

is very high); CubicBlock – generates a Face-Centred Cubic (FCC) lattice of particles with a 

dense packing arrangement; HexagBlock – generates a Hexagonal Close Packing (HCP) of 

particles; RandomBoxPacker – generates a block of particles with radii randomly distributed in 

a specified range. The use of uniform particle sizes and regular particle arrangements introduces 

artefacts such as preferential movement along lattice planes. A simple way to remove such 

artefacts and to model more realistic granular materials is to use particle assemblies in which 

the positions and radii of particles are selected randomly.  

 

The RandomBoxPacker and some other ESyS-Particle Packer modules make use of an iter-

ative, geometrical space-filling algorithm to insert particles within a prescribed volume. The 

algorithm may be summarized as follows: 

1. Insert a number of seed particles at random locations within the volume ensuring they do 

not overlap. 

2. Identify 4 adjacent particles 

(a) compute the centroid of the tetrahedron defined by the 4 particles 

(b) compute the radius of a particle that touches all 4 particles 

(c) if the radius of that particle is within the specified range and it is entirely 

within the prescribed volume, insert the particle 

3. Repeat step 2 until the number of failed insertion attempts reaches the maxInsertFails 

 

The tolerance parameter defines what is implied by touching in the above algorithm. If par-

ticles overlap by less than the prescribed tolerance, they are said to be touching. The cu-

bicPackRadius is a parameter for setting up the neighbours table used to track relative locations 

of adjacent particles. The optimal value for this is approximately 2.2 x maxRadius. circDimList 

informs the packing algorithm of any circular (or periodic) boundaries so particles will be fitted 

together along these boundaries rather than being fitted to straight walls. This algorithm for 

filling a volume with spherical particles has some distinct advantages over some other methods 

but also has some limitations. The algorithm requires no equilibration simulation such as some 

dynamical methods (e.g. expanding particle algorithms) to achieve a close packing of relatively 
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low porosity. On the downside, the user has little control over the final distribution of particle 

sizes (apart from specifying the range of sizes). Experience has shown that for a broad range of 

sizes (e.g. [0:1; 1:0]) the final particle size distribution is a power-law. For a narrow range of 

sizes (e.g. [0:4; 0:6]) the size distribution is approximately a uniform random distribution. 

 
# -- setup packer -- 

# iteration parameters 

insertFails = 1000 

maxIter = 1000 

tol = 1.0e-6 

 

# packer 

packer = InsertGenerator3D( minRadius,maxRadius,insertFails,max-

Iter,tol,False) 

packer3 = InsertGenerator3D( minRadius,maxRadius,insertFails,max-

Iter,tol,False) 

 

When the volume, the neighbour table and the packer are defined, the actual work can start. 

First the packer needs to fill the volume with particles. In the simplest case this requires two 

arguments to the generatePacking function of the packer: the volume to fill and the neighbour 

table in which to store the particles.  

 
# pack particles into volume 

packer.generatePacking( 

volume=box1, #the volume to fill with particles 

ntable=mntable, #the neighbours table that particles are inserted into 

groupID=0,#the group ID assigned to particles (default: 0) 

tag=100#the tag assigned to the generated particles (optional (default: -

1) if not followed by ShapeList) 

) 

 

The last thing to do to complete the generation of the particle arrangement is to create the 

bonds between touching particle-pairs. Because the neighbour table contains all information 

necessary to determine which particles should be bonded, i.e., particle positions and radii, the 

bonding procedure is a member function of the neighbour table. The most simple form of the 

function call, which just bonds all neighbouring particles in one group, needs 3 arguments: the 

ID of the particle group that should be bonded groupID, the bonding tolerance and the tag given 

to the newly created bonds bondID. Because considered neighbour table contains only one 

group of particles, the groupID can be equal to 0. The tolerance for bonding should normally 

be larger than the packing tolerance used in the packer, hence, 1.0e-05 is chosen here. The bond 

tag can be set to any value, in this case it was marked as 0.  

 
# create bonds between neighbouring particles: 

mntable.generateBonds( 

groupID=0,#the group ID of particles to bond together (default: 0) 

tolerance=1.0e-5,#maximum distance separating bonded particles 

bondID=0)#the bond ID to assign generated bonds 
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ESyS-Particle script written in Python 

from esys.lsm import * 

from esys.lsm.util import * 

from esys.lsm.geometry import * 

from WallLoader import WallLoaderRunnable 

from WallLoaderMod import WallLoaderRunnableMod 

from math import * 

 

#mpirun -np 2 esysparticle tiger.py 

#dump2vtk -i snapshot -o vtk_snaps_ -rot -t 0 2 1 

 

maxR=800 

minR=200 

time_steps=2000000 

increment=1000 

 

field_saver=500 

check_pointer=10000 

 

 

ym=1.0e+06 

pr=0.25 

coh=1000.0 

ta=1.0 

den=940*1.0e-06 

den2=1000*1.0e-06 

 

dt=1.0e-04 

 

plik=open("step.dat","w") 

plik.write(str(dt)) 

plik.close() 

 

#instantiate a simulation object: 

sim = LsmMpi (numWorkerProcesses = 1, mpiDimList = [1,1,1]) 

 

#initialise the neighbour search algorithm: 

sim.initNeighbourSearch ( 

particleType = "RotSphere", 

gridSpacing = 2*maxR+0.2*minR, 

verletDist = 0.2*minR 

) 
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#set the number of timesteps and timestep increment: 

sim.setNumTimeSteps (time_steps) 

sim.setTimeStepSize (dt) 

 

sim.readGeometry("berg_meshBezKlastrow2.geo") 

 

#density 

sim.setParticleDensity( 

tag=100, 

mask=-1, 

Density=den 

) 

 

#density 

sim.setParticleDensity( 

tag=200, 

mask=-1, 

Density=den2 

) 

 

sim.createWall ( 

name = "right_wall", 

posn = Vec3(30000.0, 0.0, 0.0), 

normal = Vec3(-1.0, 0.0, 0.0) 

) 

 

sim.createWall ( 

name = "left_wall", 

posn = Vec3(-40000.0, 0.0, 0.0), 

normal = Vec3(1.0, 0.0, 0.0) 

) 

 

sim.createWall ( 

name = "back_wall", 

posn = Vec3(0.0, 0.0, 0.0), 

normal = Vec3(0.0, 0.0, 1.0) 

) 

 

sim.createWall ( 

name = "front_wall", 

posn = Vec3(0.0, 0.0, 2000.0), 

normal = Vec3(0.0, 0.0, -1.0) 

) 
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sim.readMesh( 

fileName = "meshBottom.msh", 

meshName = "meshBottom_wall" 

) 

 

sim.readMesh( 

fileName = "meshBottomBottom.msh", 

meshName = "meshBottomBottom_wall" 

) 

 

sim.readMesh( 

fileName = "meshRight.msh", 

meshName = "meshRight_wall" 

) 

 

 

 

#create rotational elastic-brittle bonds between particles: 

pp_bonds = sim.createInteractionGroup ( 

BrittleBeamPrms( 

name="pp_bonds", 

youngsModulus=ym, 

poissonsRatio=pr, 

cohesion=coh, 

tanAngle=ta, 

tag=0 #Connections which are tagged with tag will be created 

with these parameters. bondTag 

) 

) 

 

#initialise frictional interactions for unbonded particles: 

sim.createInteractionGroup ( 

FrictionPrms( 

name="friction", 

youngsModulus=ym, 

poissonsRatio=pr, 

dynamicMu=0.4, 

staticMu=0.6 

) 

) 

#create an exclusion between bonded and frictional interac-

tions: 
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sim.createExclusion ( 

interactionName1 = "pp_bonds", 

interactionName2 = "friction" 

) 

 

#initialise gravity in the domain: 

sim.createInteractionGroup( 

GravityPrms(name="earth-gravity", acceleration=Vec3(0,-

9.81,0)) 

) 

 

 

#specify elastic repulsion from the top wall: 

sim.createInteractionGroup ( 

NRotElasticWallPrms ( 

name = "right_wall_repel", 

wallName = "right_wall", 

normalK = ym 

) 

) 

 

#specify elastic repulsion from the top wall: 

sim.createInteractionGroup ( 

NRotElasticWallPrms ( 

name = "left_wall_repel", 

wallName = "left_wall", 

normalK = ym 

) 

) 

 

 

#specify elastic repulsion from the top wall: 

sim.createInteractionGroup ( 

NRotElasticWallPrms ( 

name = "back_wall_repel", 

wallName = "back_wall", 

normalK = ym 

) 

) 

 

#specify elastic repulsion from the top wall: 

sim.createInteractionGroup ( 

NRotElasticWallPrms ( 

name = "front_wall_repel", 
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wallName = "front_wall", 

normalK = ym 

) 

) 

 

 

 

sim.createInteractionGroup ( 

NRotElasticTriMeshPrms ( 

name = "meshBottom_repell", 

meshName = "meshBottom_wall", 

normalK = ym 

)) 

 

sim.createInteractionGroup ( 

NRotElasticTriMeshPrms ( 

name = "meshBottomBottom_repell", 

meshName = "meshBottomBottom_wall", 

normalK = ym 

)) 

 

sim.createInteractionGroup ( 

NRotElasticTriMeshPrms ( 

name = "meshRight_repell", 

meshName = "meshRight_wall", 

normalK = ym 

)) 

 

 

 

 

#add translational viscous damping: 

sim.createInteractionGroup ( 

LinDampingPrms( 

name="damping1", 

viscosity=0.002, 

maxIterations=50 

) 

) 

#add rotational viscous damping: 

sim.createInteractionGroup ( 

RotDampingPrms( 

name="damping2", 

viscosity=0.002, 
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maxIterations=50 

) 

) 

 

 

#total kinetic energy 

sim.createFieldSaver ( 

ParticleScalarFieldSaverPrms( 

fieldName="e_kin", 

fileName="ekin.dat", 

fileFormat="SUM", 

beginTimeStep=0, 

endTimeStep=time_steps, 

timeStepIncr=field_saver 

) 

) 

 

#linear kinetic energy 

sim.createFieldSaver ( 

ParticleScalarFieldSaverPrms( 

fieldName="e_kin_linear", 

fileName="ekin_linear.dat", 

fileFormat="SUM", 

beginTimeStep=0, 

endTimeStep=time_steps, 

timeStepIncr=field_saver 

) 

) 

 

#rotational kinetic energy 

sim.createFieldSaver ( 

ParticleScalarFieldSaverPrms( 

fieldName="e_kin_rot", 

fileName="ekin_rot.dat", 

fileFormat="SUM", 

beginTimeStep=0, 

endTimeStep=time_steps, 

timeStepIncr=field_saver 

) 

) 

 

#add a FieldSaver to store total potential energy: 

sim.createFieldSaver ( 

InteractionScalarFieldSaverPrms( 
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interactionName="pp_bonds", 

fieldName="potential_energy", 

fileName="epot.dat", 

fileFormat="SUM", 

beginTimeStep=0, 

endTimeStep=time_steps, 

timeStepIncr=field_saver 

) 

) 

 

 

 

#create a FieldSaver to store number of bonds: 

sim.createFieldSaver ( 

InteractionScalarFieldSaverPrms( 

interactionName="pp_bonds", 

fieldName="count", 

fileName="nbonds.dat", 

fileFormat="SUM", 

beginTimeStep=0, 

endTimeStep=time_steps, 

timeStepIncr=field_saver 

) 

) 

 

 

#add a CheckPointer to store simulation data: 

sim.createCheckPointer ( 

CheckPointPrms ( 

fileNamePrefix = "snapshot", 

beginTimeStep = 0, 

endTimeStep = time_steps, 

timeStepIncr = check_pointer 

) 

) 

 

nr=sim.getNumParticles() 

print(nr) 

 

#execute the simulation: 

sim.run() 
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Mesh file generating bottom wall for glacier 

Triangle 

3D-Nodes 4 

0 0 0 -5000.0 10000.0 0.0 

1 1 0 30000.0 10000.0 0.0  

2 2 0 30000.0 10000.0 2000.0 

3 3 0 -5000.0 10000.0 2000.0 

 

 

Tri3 2 

0 0 0 1 2 

1 0 0 2 3 

 

 

Mesh file generating bottom wall for water 

Triangle 

3D-Nodes 4 

0 0 0 -5000.0 -20000.0 0.0 

1 1 0 -5000.0 -20000.0 2000.0  

2 2 0 -40000.0 -20000.0 2000.0 

3 3 0 -40000.0 -20000.0 0.0 

 

 

Tri3 2 

0 0 0 1 2 

1 0 0 2 3 

 

 

Mesh file generating left wall for water 

Triangle 

3D-Nodes 4 

0 0 0 -40000.0 10000.0 0.0 

1 1 0 -40000.0 10000.0 2000.0  

2 2 0 -40000.0 -20000.0 2000.0 

3 3 0 -40000.0 -20000.0 0.0 

 

 

Tri3 2 

0 0 0 2 1 

1 0 0 3 2 
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Mesh file generating right wall for water 

Triangle 

3D-Nodes 4 

0 0 0 -5000.0 10000.0 0.0 

1 1 0 -5000.0 10000.0 2000.0  

2 2 0 -5000.0 -20000.0 2000.0 

3 3 0 -5000.0 -20000.0 0.0 

 

 

Tri3 2 

0 0 0 1 2 

1 0 0 2 3 

 

 

Explanation of ESyS-Particle script 

The main components of any ESyS-Particle simulation are: initialization of an ESyS-Particle 

simulation object, specification of the spatial domain, particle creation and initialization, defi-

nition of inter-particle interactions, and execution of time integration. To use the ESyS-Particle 

simulation libraries in Python, it is necessary to import the modules, which will be used. The 

following statements are required: 

 
from esys.lsm import * 

from esys.lsm.util import * 

from esys.lsm.geometry import * 

from WallLoader import WallLoaderRunnable 

from WallLoaderMod import WallLoaderRunnableMod 

from math import * 

 

These statements load a number of relevant classes and subroutines required for all ESyS-

Particle simulations. These statements also import the Vec3 and BoundingBox classes. Objects 

of the Vec3 class are 3-component vectors, which are useful for specifying position, velocity 

or acceleration vectors in 3D.  

Every ESyS-Particle simulation commences with the creation of an ESyS-Particle simula-

tion object called LsmMpi. This object provides a means to define and run a simulation and can 

be thought of as a container to which simulation components are added, such as a list of parti-

cles, walls, different types of interactions and data output components. The following code-

fragment creates a simulation object: 

 
#instantiate a simulation object: 

sim = LsmMpi (numWorkerProcesses = 1, mpiDimList = [1,1,1]) 

 

The statement creates an LsmMpi object and takes two arguments. The numWorkerPro-

cesses argument specifies the number of MPI processes to use for calculations. However, this 

argument can be set to a larger value for an MPI-parallel simulation (in the case of access to a 

computer with multiple processor cores/CPUs). The second argument (mpiDimList) specifies 
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the manner in which the domain will be divided among the worker processes. The first coordi-

nate refers to the number of subdivisions in the x-direction, while the second and third coordi-

nates specify the number of subdivisions in the y- and z-directions respectively. It is important 

that numWorkerProcesses should be equal to the total number of subdomains specified by the 

mpiDimList. 

 
#initialise the neighbour search algorithm: 

sim.initNeighbourSearch ( 

particleType = "RotSphere", 

gridSpacing = 2*maxR+0.2*minR, 

verletDist = 0.2*minR 

) 

 

The statement (sim.initNeighbourSearch) specifies the type of particles used in the simula-

tion. The two most common particle types are NRotSphere and RotSphere. sim.initNeighbour-

Search also sets two parameters for the contact detection algorithm. The gridSpacing parameter 

defines the size of cubic cells used to identify contacting particles. This parameter needs to be 

larger than the maximum particle diameter. The verletDist parameter determines the frequency 

with which the contact lists are updated. If any particle moves a distance greater than verletDist 

the lists are updated. Optimal values for these two parameters satisfy the inequality gridSpacing 

> 2 x maxRadius + verletDist.  

Reducing the verletDist will result in more accurate force calculations (because new con-

tacts will be detected earlier) but the lists will be updated more frequently, which is computa-

tionally expensive. In most cases, the gridSpacing should be set to approximately 2.5 x the 

maximum particle radius and the verletDist should be approximately 0.2 x the minimum parti-

cle radius. These two statements result in the construction of a suitable ESyS-Particle simula-

tion object called sim. The simulation object now becomes a container to which particles can 

be added, as well as walls, and various types of interactions. Before it is done, it is necessary to 

specify how many timesteps to compute during the simulation and the timestep increment (in 

seconds): 

 
#set the number of timesteps and timestep increment: 

sim.setNumTimeSteps (time_steps) 

sim.setTimeStepSize (dt) 

 

These two statements can be described as follows: the total number of timesteps will be 

computed, with a time increment of dt seconds between each timestep. It is usually a good idea 

to set the timestep increment before creating particles or interactions. In some cases, the 

timestep increment is needed internally to correctly initialize interactions. 

Prior to addition of particles, the simulation object must be assigned a valid spatial domain. 

Any particles or walls residing outside this domain are eliminated from force calculations and 

time integration. The following code-fragment specifies the spatial domain for a simulation, 

which was defined by the GenGeo script.  

 
sim.readGeometry("berg_meshBezKlastrow2.geo") 
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Having added particles to the simulation object, it is necessary to specify the type of inter-

actions between the particles if they should come into contact (which they will due to the care-

fully selected initial positions and velocities above). There are a number of different types of 

particle-particle interactions that may be used, but in this code rotational elastic-brittle bonds 

were used.  

For particle-pair interactions that incorporate both translational and rotational degrees of 

freedom, this is achieved in the following manner. Two bonded particles may undergo normal 

and shear forces, as well as bending and twisting moments. Bonds designed to import such 

forces and moments are known as cementitious bonds (or, in ESyS-Particle, BrittleBeamPrms 

interactions). Unlike the non-rotational equivalent, rotational frictional interactions impart a 

torque to both particles, causing the particles to rotate relative to each other when they are in 

frictional contact. The detailed description of inter-particle interactions can be found in the Sec-

tion 3.3.2, together with a schematic picture (Fig. 6). 

Because a broken bond represents a fracture surface, it is appropriate to specify frictional 

interactions between unbonded particles. The following code fragment implements frictional 

interactions between unbonded, touching particles: 

 
#initialise frictional interactions for unbonded particles: 

sim.createInteractionGroup ( 

FrictionPrms( 

name="friction", 

youngsModulus=ym, 

poissonsRatio=pr, 

dynamicMu=0.4, 

staticMu=0.6 

) 

) 

 

Rotational frictional interactions are defined by a microscopic Young’s modulus (youngs 

Modulus) and Poisson’s ratio (poissonsRatio) and two microscopic coefficients of friction. 

Typically the Young’s modulus and Poisson’s ratio for FrictionPrms interactions are set equal 

to their BrittleBeamPrms counterparts. The staticMu coefficient of friction is applied when two 

particles are in static frictional contact, i.e., prior to the first time the frictional sliding criterion 

is met. Thereafter the dynamicMu coefficient of friction is applied. By setting dynamicMu < 

staticMu, one can simulate the physical observation that the frictional force required to maintain 

sliding is less than the force necessary to initiate sliding. 

Any given particle-pair undergoes either bonded interactions or frictional interactions but 

not both. This is achieved by specifying an exclusion between the two interaction groups: 

 
#create an exclusion between bonded and frictional interac-

tions: 

sim.createExclusion ( 

interactionName1 = "pp_bonds", 

interactionName2 = "friction" 

) 
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Any acoustic emissions generated during fracturing should dissipate rapidly compared with 

the duration of the experiment. To simulate these conditions, it is necessary to incorporate two 

body forces designed to attenuate translational and rotational oscillations. In this case are used 

both LinDamping (designed to attenuate translational oscillations) and RotDamping (designed 

to attenuate rotational oscillations). The two damping forces are implemented as follows: 

 
#add translational viscous damping: 

sim.createInteractionGroup ( 

LinDampingPrms( 

name="damping1", 

viscosity=0.002, 

maxIterations=50 

) 

) 

#add rotational viscous damping: 

sim.createInteractionGroup ( 

RotDampingPrms( 

name="damping2", 

viscosity=0.002, 

maxIterations=50 

) 

) 

 

The viscosity coefficients are chosen to be small so that damping has little effect on the 

elastic response of the simulated material, but sufficient to attenuate unwanted oscillations. 

Frequently, it may be useful to incorporate fixed or movable walls in particle simulations. 

Walls may be planar, piecewise planar, or perhaps an arbitrary shape. ESyS-Particle imple-

ments three types of walls: Planar walls (infinite planar walls specified by a point and a normal 

vector), Linear meshes (a piece-wise linear mesh of line segments for arbitrarily shaped walls 

in 2D simulations), and Triangular meshes (a mesh of triangles used to define surfaces in 3D 

simulations). All three types of walls have an active side and an inactive side. For the case of 

an infinite wall, the normal vector points to the active side of the wall. Particles impinging on 

a wall from the active side will bounce off the wall. However, particles impinging on a wall 

from the inactive side will accelerate through the wall in an unphysical manner. Both types of 

mesh walls have an active side determined by the order in which vertices are specified for line-

segments or triangles.  

An infinite planar wall can be inserted as follows: 

 
sim.createWall ( 

name = "right_wall", 

posn = Vec3(30000.0, 0.0, 0.0), 

normal = Vec3(-1.0, 0.0, 0.0) 

) 

 

The second argument (posn) is a Vec3 vector specifying a point lying in the plane of the 

wall. Finally the normal argument specifies a Vec3 normal vector for the wall.  
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Simply inserting a wall into a simulation object is insufficient. The type of interactions must 

also be defined between particles and walls. There are two common types of interactions: elastic 

repulsion and bonded interactions. In this code, only elastic repulsion is considered.  

 
#specify elastic repulsion from the top wall: 

sim.createInteractionGroup ( 

NRotElasticWallPrms ( 

name = "right_wall_repel", 

wallName = "right_wall", 

normalK = ym 

) 

) 

 

Particle-wall interactions are also implemented through an InteractionGroup. The wallName 

argument specifies to which wall this particle-wall interaction refers. The last argument (nor-

malK) specifies the elastic stiffness of the particle-wall interaction. The choice of elastic stiff-

ness is not arbitrary. An elastic stiffness should be assigned sufficiently large that the wall can 

support the weight of the particle with a relatively small indentation (or overlap). If the elastic 

stiffness is too small the particle will continue to fall through the wall and eventually fall out 

on the other side. 

Planar walls, by their definition, are infinite in length, making it difficult to simulate prob-

lems that require complex wall shapes or walls with holes. Mesh walls overcome this problem 

but are slightly more complicated to implement in simulations. ESyS-Particle uses a triangu-

lated mesh format to define piecewise segments of a wall (Fig. B.2).  

 
sim.readMesh( 

fileName = "meshBottom.msh", 

meshName = "meshBottom_wall" 

) 

 

Mesh walls are a powerful and flexible feature of ESyS-Particle that allow complex shapes 

and interactions to be simulated.  

ESyS-Particle includes a group of modules called FieldSavers designed to store specific 

simulation data to disk. FieldSavers are closely related to the CheckPointer, with the main dif-

ference being that FieldSavers store only specific data rather than all of the state variables of 

the particles. FieldSavers can also be used to store data on particles (such as position or kinetic 

energy), interactions (such as potential energy and the number of broken bonds), and walls 

(such as the position of a wall and the net force acting on the wall).  

 

 

 

 

 

 

Fig. B.2. Triangulated piece of mesh wall. 
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#add a CheckPointer to store simulation data: 

sim.createCheckPointer ( 

CheckPointPrms ( 

fileNamePrefix = "snapshot", 

beginTimeStep = 0, 

endTimeStep = time_steps, 

timeStepIncr = check_pointer 

) 

) 

 

#total kinetic energy 

sim.createFieldSaver ( 

ParticleScalarFieldSaverPrms( 

fieldName="e_kin", 

fileName="ekin.dat", 

fileFormat="SUM", 

beginTimeStep=0, 

endTimeStep=time_steps, 

timeStepIncr=field_saver 

) 

) 
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