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FGM across the output points in solution domain identified in Fig. 3. Differences 
between models were measured using the lag time T for predicted values to reach  
a predetermined value of water depth H or hazard coefficient (defined as  
H = d.(v + 0.5), in which v is the flow velocity). An optimum value of k was consi-
dered to have been identified when the mean of the differences T was zero and the 
standard deviation Σ of the differences was a minimum. 
 

 

Fig. 3. Output points. 

Néelz and Pender (2007) reported that an optimised value of k (within the inter-
val 4-6) is clearly identifiable (Fig. 4) for the 10 m CGM. This varies only to a limited 
extent with the magnitude of the flood discharge. Results from the 50 m CGM lead to 
similar conclusions, with optimised values of k being found in the same range. 
 

 
 
 
 
 
 
 
 
 
 

Fig. 4. Plots of (left) T vs. k and (right) Σ vs. k for the 10 m CGM, using arrival times based on 
water depth, also showing the dependency on the choice of threshold depth. 

3. Improving CGM predictions 

As previously discussed, the main advantage of utilising 2D hydrodynamic models is 
to obtain detailed prediction of the velocity field as the flood propagates across the 
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floodplain. This is important as velocity is a key component of flood hazard. The aim 
of the research was therefore to investigate improving CGM estimates of velocity 
using a limited number of FGM predictions (preferably no more than two) for each 
potential breach location. To investigate the potential of the method, further analysis 
of the results from the Thamesmead study was undertaken using the data from the 
output points shown in Fig. 3. 
 

Fig. 5. Reparameterisation of the time series (left) to the arrival time of the flood wave (cen-
tre). Solid lines: CGM results. Dashed lines: FGM results. The colours represent different 
values of q. 

Prediction improvement technique 

The technique progresses by: 
1. Obtaining FGM and CGM predictions for high and low values of peak inflow 

through the breach location, here values of 100 m3/s and 500 m3/s are used. 
2. As the time series of water level predictions include a discontinuity at the elapsed 

arrival time of the flood wave (Fig. 5, left), it is necessary to normalise the arrival 
times by subtracting the arrival from the elapsed time at all points (Fig. 5, centre). 

3. Residual differences between FGM and CGM predictions at each output point are 
then calculated. 

4. Other CGM simulations are undertaken for a different value of peak inflow (in the 
example presented here 50 m3/s, 200 m3/s and 350 m3/s); these predictions are 
then adjusted using linear interpolation or extrapolation of the residual values to 
bring them closer to the predictions that would be made from a FGM with this 
boundary condition. 

5. The time lag is then reinstated into the prediction by reversing step 2. 

Prediction using v-SV regression model  

The Support Vector Machine (SVM) technique uses a kernel function that maps the 
nonlinear input data to a higher dimensional hyperspace (Schölkopf et al. 2000). One 
commonly used kernel function is the Gaussian Radial Basis Function (RBF), kernel 

)exp(),( 2
21 yxxxk −−= λ . Through this mapping into a higher dimensional space, 

the training data can be approximated to a linear function. Schölkopf et al. (2000) use 
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a parameter ν  to control the number of support vectors in the ν -Support Vector Re-
gression (ν -SVR) and also present an improved algorithm using the parameter ε  to 
the ε -Support Vector Regression. The primary reason for our adoption of v-SVR as 
the basic approximating tool in our study is its proven capabilities as function approx-
imation tool from a given data set and its short time for training. 

The strategy of using coarse grid model outputs as training samples and fine grid 
model outputs as targets for the v-SVR is presented below: 
1. Initialise: Select n and T, where n = total number of sampling points using fine 

and coarse grid models, and T = total time for the simulation.  
2. Generate training samples: Run the fine and coarse grid models with the num-

ber of p different inflow hydrographs. Compute the initial training samples size  
s = n × p.  

3. Construct predictive model: Use s training samples to train v-SVR. 
4. Predict fine grid model outputs: Run the CGM with a new inflow hydrograph 

and assign predictive values (water depth and velocity) to each grid using the non-
linear v-SVR.  

The step-by-step procedure shows that the algorithm is simple and straightforward. 

Improvement of predictions from interpolation in FGM results 

Figures 6 and 7 give an illustration of what can be achieved for time series predictions 
of water level and flows at two locations on the floodplain. The CGM predictions 
(light blue) have been corrected (red) to bring them closer to those of a FGM using 
the same boundary condition. Similar promising improvements are made at many 
other locations. 

However, a number of limitations of the approach were also apparent as many 
results suffered from (a) over- or under-correction for at least a part of the time do-
main, or (b) arrival time prediction errors. The most important limitation occurred at 
locations where flooding was shallow or nonexistent for the training run q = 100 m3/s. 
Also, residuals during the first minutes of the inundation process were often exces-
sively dependent on q, as differences in the way topography is represented in the 
FGM and the CGM affect shallow flows only (and therefore have consequences for 
low values of q that last longer than for high values of q). This can cause noisy pre-
dictions of velocity during the rising limb of the flood, see Fig. 7 (left), and can also 
lead to substantial errors in the arrival time predictions. In addition, the approach did 
not take into account how temporal characteristics of flood fronts varied depending 
on q. An example is shown in Fig. 7 (right), where prediction inaccuracies for q = 200 
m3/s and q = 350 m3/s between the times 150 and 300 min may be due to this. Predic-
tions for q = 50 m3/s were very inaccurate at all locations where inundation was very 
shallow, see Fig. 7 (left). Finally, it should be mentioned that the prediction of veloci-
ty was often made more difficult by the presence of oscillations (either physical or 
numerical) in the results from the training runs. 
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Fig. 6. Prediction of water level at 2 locations on the floodplain. Training runs based on  
q = 100 m3/s and q = 500 m3/s. Methods used: linear interpolation/extrapolation of residuals 
(red); averaging of residuals (green). Light blue: CGM results. Dark blue: FGM results. 
Dashed lines: training runs. 
 
 
 
 
 
 
 
 
 
 

Fig. 7. Prediction of velocity at 2 locations on the floodplain. Training runs based on q = 100 
m3/s and q = 500 m3/s. See previous figure caption for colour codes. 

 

 
 
 
 
 
 
 
Fig. 8. Peak velocity field predicted by the 2 m FGM (left) and the 50 m CGM (right), for  
q = 200 m3/s. The black dots are the computation nodes of the 50 m model. The flag indicates 
the location where the approach is tested. 
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Improving spatial prediction of velocity 

In addition to improving predictions of water levels and velocities at the computa-
tional grid points of the coarse grid model, the approach can also be used to improve 
the spatial resolution of CGM model results. Predictions at any location on the flood-
plain can be obtained by spatial interpolation from grid node predictions, and can 
subsequently be improved using an estimation of residuals. The inherent “blurring” 
effect obtained in the CGM predictions is illustrated by Fig. 8, which clearly shows 
that major flow routes through the urban environment are not adequately modelled 
using the 50 m model and that very significant benefits may be gained from using the 
results from training runs of the 2 m models. 

Water level and velocity prediction using a nonlinear v-SV regression model 

Five simulations were used for training and one (q = 500 m3/s) for testing. For the  
T = 10 hours simulation, every half hour data were used for v-SVR (n = 20). The 
number of input patterns of v-SV regression is equal to 3 (water level/velocity, time 
and discharge on the inflow hydrograph), the number of training samples can be  
calculated by 5 × 20 = 100 and the number of test samples can be calculated by  
1 × 20 = 20. The Gaussian Radial Basis Function (RBF) kernel was used in the expe-
riments. Figures 9 and 10 show the graphical results produced by v-SVR, CGM and 
FGM for two random locations on the floodplain. The evaluated performance statis-
tics is shown in Table 1 and 2. From Table 1 and 2, it can be seen that the perfor-
mance of v-SVR is much better than CGM with respect to the RMSE and the results 
of FGM and v-SVR are very close in most cases. From Figs. 9 and 10, there is very 
little separation between FGM and v-SVR indicating a good match between simulated  

Table 1 

Performance statistics using v-SVR and CGM for water level prediction 

Grid Location (index) RMSE between CGM and FGM RMSE between v-SVR and FGM 

682 1.6858 0 
2000 0.0624 0.3501 

Table 2 

Performance statistics using v-SVR and CGM for velocity prediction 

Grid Location (index) RMSE between CGM and FGM RMSE between v-SVR and FGM 

682 0.028 0 
2000 0.1 0.0307 
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and observed values using v-SVR and FGM. For the location shown in Fig. 10 (a), the 
water level prediction is not as good as the CGM because the simulated water level 
obtained from the CGM is already very close to FGM prediction. More training sam-
ples are needed to provide a more accurate prediction result for this location. In our 
experiment, only 5 simulations were used for training. 
 

 
 

Fig. 9. Predictions of water level and velocity at the first random location on the floodplain. 
Simulation run (q = 500 m3/s) was used for testing. 

 
 

Fig. 10. Predictions of water level and velocity at the second random location on the flood-
plain. Simulation run (q = 500 m3/s) was used for testing. 

4. Conclusions 

1. CGM predictions of water depth and velocity can be improved to obtain predic-
tions closer to those which would be obtained from a FGM by correcting the 
CGM results using residual differences between two FGM and CGM training 
runs. 
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2. It is found that if a full 2D hydrodynamic CGM is used, it is very likely that the 

full 2D CGM will predict the results inaccurately due to low resolution data. 
Therefore, it is essential that the CGM be used together with FGM runs or a v-
SVR technique to improve the predictions. Here the kernel method was used to 
map the data into feature space corresponding to the kernel and then to undertake 
linear regression. When a limited number of FGM runs is available, these can be 
used to improve the performance of a CGM. The proposed methods have been 
applied to the model construction for Thamesmead site. The experiments showed 
that by using v-SVR, it achieved a sufficiently accurate water level and velocity 
predictions comparable to the results obtained using the FGM. 
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Abstract  

The paper presents an application of a Stochastic Transfer Function (STF) 
approach and a State Dependent Parameter (SDP) transformation of model va-
riables to the combined reservoir management and flow routing problem on the 
Upper Narew River, NE Poland. The management objective is to reach required 
flow conditions in the reaches of an ecologically valuable river. A 1-D distri-
buted flow routing model was designed for the study. However, both optimisa-
tion methods and reservoir management analysis require numerous model reali-
zations which are computationally very expensive. A much more efficient solu-
tion consists of the application of a simplified STF simulator of river flow, which 
is calibrated on historical data and distributed model realizations for the parts of 
the river where the observations are not available. The model is stochastic, enabl-
ing derivation of prediction uncertainty in a straightforward manner. The ob-
tained optimal control policy is tested on a fully distributed model. 

1. Introduction 

River floods are commonly considered as natural phenomena with threats to life and 
health and loss of property. However, in some situations they have a positive impact, 
helping to preserve the natural features of a particular region. Due to their natural cha-
racter and high water content, floodplains are commonly areas of rich biodiversity. 
Equally, valuable fluvial ecosystems can be destroyed by shortages of water in critical 
periods of high-water demand (vegetation growth). It is the task of hydrologists to 
assess the short and medium-term inputs to, and retention of, water eco-systems in 
vulnerable areas and to devise methods to regulate those inputs. This is the case in the 
Narew catchment, north-east Poland, in the area within the boundaries of the Narew 
National Park (NNP), where spring floods not only cause no material damage but 
bring positive effects in preserving the natural qualities of the region.  
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To maintain the required status of riverine wetlands with fluvial-glacial feed, it 
may be necessary to retain, during the river’s vegetation growth period, not only high-
er than minimum flows according to a hydro-biological criterion, but also to keep or 
introduce a flood impulse. The concept of flood impulse was introduced by Junk et al. 
(1989) for tropical rivers and was further developed by Tocker et al. (2000) for rivers 
situated in intermediate climate zones. The concept was followed by Kiczko et al. 
(2007), where the problem of reservoir management was studied. The aim was an 
analysis of the possibility of reaching the ecologically desirable conditions in the Na-
rew National Park wetlands through reservoir management. River flow was described 
using a distributed 1-D model. Derivation of the optimal time and length of the releas-
es from the reservoir was based on the optimisation of the entire system including the 
river and the reservoir (Dysarz and Napiórkowski 2002), using the Differential Evolu-
tion Algorithm (Storn and Price 1995). The optimisation algorithm requires multiple 
1-D model evaluations and therefore the computation time is a limiting factor of the 
procedure (Dysarz and Napiórkowski 2003).  

In order to facilitate the computations, a lumped parameter simulator of a distri-
buted flow routing is introduced in the multiobjective optimisation of a water man-
agement system consisting of a lowland river and a storage reservoir. The developed 
simulator applies the Stochastic Transfer Function (STF) approach together with a 
nonlinear transformation of variables. The model is calibrated on historical data and 
on distributed model realizations for the parts of the river where the observations are 
not available. The model is stochastic, enabling derivation of prediction uncertainty in 
a straightforward manner; therefore, it is suitable for scenario analysis of the water 
management system under uncertain climatic conditions. Estimated probability of 
water levels at the cross-sections along the river enables the derivation of probability 
maps of inundation at different times of the year. 

2. Methodology 

Consider a 1-D numerical model with the river geometry described by n cross-
sections. This kind of approach is used in many popular 1-D flow routing models 
(ISIS, HEC-RAS, UNET, MIKE 11). The methodology we apply here is based on the 
application of a lumped discrete-time STF model combined with the nonlinear State 
Dependent Parameter (SDP) type transformation to simulate flow routing along the 
river instead of a distributed 1-D model. Experience gained by Romanowicz et al. 
(2004, 2006), and Beven et al. (2008), indicated that STF models are compatible with 
distributed model predictions at cross-sections where observations are available. The 
interpolation of water levels at cross-sections between the measurement sites can be 
obtained when STF simulators are calibrated on the distributed model simulations at 
these cross-sections.  

As 1-D model applies spatial discretisation based on cross-sections along the riv-
er and the floodplains, the simulator can also apply that type of spatial discretisation, 
but it can be made coarser than in a distributed model, depending on the application.  

When water levels are used as the STF model variable, we can use the nonlinear 
transformation of water levels upstream (model input) in order to separate linear dy-
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namics from the nonlinear flow routing process (Young et al. 2006, Romanowicz et 
al. 2007, Romanowicz et al. 2008). The resulting simulator takes the form of the so-
called Hammerstein type model (Fig. 1A). However, when flow is used as the model 
variable, the STF model cannot be accompanied by a nonlinear transformation of the 
input, as this type of model would not be able to keep the mass balance for the steady 
state solution. In that case the simulator consists of a system of linear STF models. 
The nonlinear flow-water level transformation used to evaluate water levels at each 
cross-section applies a rating curve-type conversion, which does not influence the 
flow routing module (Fig. 1B). 

Figures 1A and 1B illustrate both schemes for a single sub-reach between two 
cross-sections of a distributed UNET model. In Fig. 1A, hi,k denotes water level up-
stream at discrete time period k, hn,k denotes the water level downstream at cross-
section n, fi,n(.) denotes a nonlinear transformation between input and output (Roma-
nowicz et al. 2008). 
 

 

Fig. 1. (A) The scheme of a nonlinear Hammerstein type STF simulator of one sub-reach of a 
1-D flood routing model (a sub-reach without tributaries); (B) The scheme of a linear STF 
model for flow with a nonlinear conversion for the water levels. 

In Fig. 1B, Qi,k denotes discrete flow upstream, Qn,k denotes flow value down-
stream and grn(.) denotes the “rating curve” type transformation for the 1-D model 
variables. At the reach scale, the discrete-time STF (Young 1984) describes the 
process dynamics. 

The model structure identification and estimation of parameters is performed us-
ing MATLAB optimisation routine together with a Simplified Refined Instrumental 
Variable (SRIV) routine from Captain toolbox (www.lancaster.ac.uk). The STF model 
error is assumed to account for all the uncertainty at the output of the system that is 
associated with the inputs affecting the model, including measurement noise, unmea-
sured inputs, and uncertainties associated with the model structure. 

The choice of the type of STF model input determines the simulator structure. In 
the first approach, flow (water level) at the cross-sections upstream of each sub-reach 
of a numerical 1-D model is used as an input variable. In this case, the model of the 
entire river reach consists of n serially connected modules shown in Fig. 1A or 1B, 
depending on the choice of routing variables. The output from the sub-reach upstream 
is used here as an input to the downstream sub-reach. The other approach consists of 
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building an independent Single Input Single Output (SISO) or Multiple Input Single 
Output (MISO) model for each cross-section, using the available observed inputs up-
stream (flows or water levels) and simulated by the 1-D model flows or water levels at 
a cross-section as an output. In the second approach, each cross-section of the 1-D 
model is modelled as an independent input-output system using the modules A or B 
from the Fig. 1, depending on the choice of routing variable. In the case where lateral 
inflow is present, the multi-input model is required for the ith cross-section. Therefore 
the required river reach is modelled by the set of those SISO (or MISO) transfer func-
tions. In the following step of the procedure, the flows obtained from the simulator are 
transformed into water levels. That nonlinear transformation, derived using the State 
Dependent Parameter (SDP) method (Young et al. 2001) from 1-D model simulations 
for each cross-section, is subsequently parameterised using radial basis functions 
(Buhmann 2003). We shall call this approach a parallel simulator to distinguish it from 
the sequential scheme. This approach should give smaller prediction errors due to the 
lack of propagation of the error. However, when differences between the cross-
sections are large, modelling errors would occur due to smaller correlation between 
the sites. 

3. River Narew study: parallel STF simulator 

The study reach is about 110 km long. It starts at the Siemianówka reservoir and goes 
down over the lowland, agricultural area and Narew National Park (NNP) enclosing 
valuable wetland ecosystems, as shown in Fig. 2. In recent years both a reduction in 
mean flows and shorter flooding periods have resulted in a serious threat to the rich 
wetland ecosystems situated along the river in NNP. These undesirable changes were 
caused by changes in local climate, manifested as recent mild winters and a reduction 
in annual rainfall that have resulted in reduced groundwater resources.  

 

Fig. 2. Upper Narew Valley showing the study area, stage gauging stations are shown as trian-
gles, shaded crossed area on the right denotes the reservoir and crossed area on the left denotes 
the marshland. 
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The UNET (Barkau 1993) 1-D model was chosen here due to its short run times. 

This code is a numerical implementation of a Saint Venant equation. In the UNET 
model, the river reach is represented by 57 cross-sections at about 2 km intervals ob-
tained from a terrain survey. The model was calibrated by adjusting the Manning coef-
ficients separately for the channel and left- and right-floodplains and water surface 
slope was used as a downstream boundary condition. Observations of daily water le-
vels are available at Bondary, Narew, Ploski and Suraż on the River Narew and Na-
rewka and Orlanka on its two tributaries. To keep a reasonable size of parameter di-
mensions, it was assumed that roughness coefficients do not change spatially between 
the gauges. The calibration period is 23.07.1981 − 28.08.1982 and the validation was 
performed for the period 27.08.1982 − 23.07.1983. Channel and floodplain (left and 
right) roughness coefficients for four reaches between gauging stations and down-
stream cross-section were used as model parameters. Optimization was carried out 
using the Differential Evolution (DE) algorithm (Storn and Price 1995). Verification gave 
a good fit with a mean standard deviation less than 0.14 m for each gauging station. 

In flood forecasting and inundation modelling we are interested in water level 
predictions rather than flows. However, an analysis of the UNET model results indi-
cated that flow at each cross-section can be described by a linear dynamic relationship, 
while the level-level relationship is highly nonlinear. Simulated water levels at each 
cross-section can be derived from flow−water level nonlinear relationships, specific 
for each cross-section, for most of the cross-sections apart from one, situated near the 
first tributary. Therefore, it was decided to use flows rather than water levels to build 
the simulator. A preliminary analysis indicated also that use of a parallel model struc-
ture is more suitable for the present application than the sequential.  

Only daily observations of water levels are available from the gauging stations 
along the studied Narew reach. As shown in Romanowicz and Osuch (2008), daily 
time step does not allow for the adequate modelling of influence of tributaries on the 
wave celerity variation downstream Suraż. As the 1-D model output has a flexible 
discretisation time (e.g., 1 hour), in this application a 1-D model serves both as spatial 
and temporal interpolator of the observations.  

STF models were obtained for hourly flows simulated by UNET at 9 cross-
sections along the River Narew within the NNP region, between Suraż and Izbiszcze, 
with observed flows at Bondary, Narewka and Orlanka as input variables. All the 
models have 1st order dynamics. The obtained goodness of fit criterion 2

TR  for the 
validation stage (1982-1983) varies between 99.33% and 99.99%. The validation  
results for Suraż indicate that the UNET model has nearly linear input-output relation-
ships for flows, i.e., it has linear dynamics. 

Figure 3 presents the rating curve for Suraż and water level−flow relationship ob-
tained from UNET simulations at that cross-section shown with dotted black line. The 
nonparametric relationship was parameterised using Radial Basis functions (Buhmann 
2003), but any other suitable parameterisation may be used. The resulting water levels 
at Suraż were obtained using the MISO STF model with observed flows at Bondary, 
Narewka and Orlanka as input variables and radial basis transformation. Figure 4 
presents estimated water levels at Suraż (continuous line) together with 0.95 confi-
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dence bounds shown as shaded area together with observed water levels shown by 
dots and UNET model simulations shown by stars. 
 

 
Fig. 3. Observed rating curve for Suraż (thin line) and UNET level/flow relationship (thick line).  

 

Fig. 4. Validation of the STF simulator for the cross-section at Suraż; dots denote observations, 
stars denote UNET simulations and continuous line denotes the simulator estimates with 0.95 
confidence bounds shown by shaded area. 
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4. Application of a simulator in reservoir management 

In this application we use discharges from the Siemianówka reservoir as control va-
riables. The optimisation criteria described in Kiczko et al. (2008) are chosen to com-
bine reservoir management and ecological requirements posed by the wetland ecosys-
tems along the river floodplains. Optimization of discharges from Siemianówka reser-
voir (control stage) was performed using historical discharges at the Bondary gauging 
station before the time when the reservoir was built to test the ability of improving 
water conditions by introducing the discharges from the reservoir. The reservoir is 
described using a simple discrete balance equation. Initial reservoir storage was set to 
the recommended value for a chosen control period by the reservoir management poli-
cy. Reservoir outflows are represented as a sum of rectangular pulses  

 ( )
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Q t Q P t t dt q
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where Qbase is the minimum flow (a minimum allowed discharge from the reservoir), tj 
is the time middle point of j-th pulse, dtj is the pulse duration time, qj is the discharge 
and NP is the number of considered pulses, and Pj(.) is the rectangular pulse dis-
charge.  

Values of the middle time of the pulse, pulse duration time and the pulse height 
were used as control variables describing reservoir discharges. Ten pulses were ap-
plied (NP = 10); therefore, there were 30 control variables. 

In the study by Kiczko et al. (2008), three different management scenarios were 
analysed. In the present paper we report the results for only one scenario, from the 
period 0.5.10.1982 − 13.07.1983, in order to test the performance of the simulator. 
The optimisation problem was solved using DE Algorithm with the simulator used for 
flow routing. Figure 5 presents a comparison of water levels at Suraż simulated using  
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. Water levels (W.L.) at Suraż; historical observed marked with a dashed line, optimised 
marked with a continuous line; UNET simulations marked with a dash-dotted line. 
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Fig. 6. Low water levels probability map at the NNP area between Suraż and Izbiszcze. 

UNET with results obtained using the simulator when the optimised discharges from 
the reservoir are applied. Also shown are the observed historical water levels at Suraż. 
The dark shaded area presents the values of the optimum criterion applied in order to 
fulfill ecological goals (the darkest shade represents the best value of the criterion). 

As mentioned before, the simulator predictions are given together with the uncer-
tainty bounds. In this study we additionally apply Monte Carlo sampling to estimate 
the influence of parameters and observations uncertainty as well as uncertainty related 
to the nonlinear transformation of flows into water levels. The quantiles of predictions 
are used to derive the maps of probability of inundation at high and/or low water le-
vels as shown in Fig. 6 for inundation predictions at low water levels for the region of 
NNP between Suraż and Izbiszcze. Comparison of these maps with ecologically de-
sired water conditions along the River Narew reach within the Narew National Park 
may serve as an indicator of water management outcome. 
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5. Conclusions 

We have demonstrated that the 1-D flow routing can be successfully approximated 
using a system of lumped STF models (so-called simulator). The simulator structure 
depends on the choice of the routing variable (water levels or flows) and on the choice 
of input variables (sequential or parallel system). In the case of UNET model, a choi-
ceof flows as the routing variable and a parallel structure gives superior results. The 
simulator was applied within the optimisation routine to derive the best reservoir dis-
charge scheme from the point of view of joint ecological and economic criteria. Fur-
ther work is required to extend this approach towards the modelling of the uncertainty 
of predictions related to the uncertainty of the distributed model parameters. At 
present only observation and simulator parameters uncertainty were taken into account 
during the estimation of the simulator predictions uncertainty. The uncertainty of 
model predictions is used to derive the probability maps of inundation extent within 
the ecologically valuable reach of the River Narew. 
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Abstract  

The annual peak-flow series of Polish rivers are mixtures of summer and 
winter flows. The seasonal series are believed to be more homogeneous than the 
annual series in respect of the distribution. Consequently, a seasonal maxima ap-
proach to the stationary flood frequency analysis (FFA) has been introduced by 
the Polish Hydrological Service. The FFA is performed for the winter and sum-
mer peaks separately and the time-dependent annual peak flow quantiles are 
computed by an union formula of two independent events. Assuming that the 
seasonal maxima follow the Gumbel distribution, the sampling properties of an 
annual maxima (AM) quantile estimate got by using the seasonal maxima are 
examined and compared with those got from the annual maxima (AM) samples. 
The asymptotic variance and bias of ML-estimate of the upper quantiles are 
compared with sampling experiment assessment. 

1. Introduction  

Floods in Poland transpire both in summer and winter. The majority of floods in Po-
land are caused either by heavy rains (summer floods) or by thaws (winter floods). 
Although summer floods dominate in southern part of Poland and winter in the north-
ern part, many annual peak flow series are a mixture of summer and winter peak 
flows. Their ratio changes along the river course. The method of combining the dis-
tributions of the seasonal maxima (SM) for the annual maxima (AM) distributions has 
been introduced to FFA in the Polish Hydrological Service (e.g., Ozga-Zielinska et al. 
1999, 2007, Kruszewski 2001). The method attracted much attention in the literature 
(e.g., Waylen and Woo 1982, Lamberti and Pilati 1985, Buishand and Demaré 1990) 
mainly focused on the monthly precipitation maxima. The seasonal maxima are as-
sumed to be independent and the probability of annual maximum value is derived 
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from the union of independent events. Buishand and Demaré (1990) in their funda-
mental study derived asymptotic expressions for the bias and variance of quantile es-
timates obtained by fitting the Gumbel distribution to the maxima in m-separate sea-
sons. Introduced by Strupczewski (1965) to FFA in Poland, the SM approach was 
soon dislodged by the POT method (Strupczewski 1967) which in fact due to too ri-
gorous assumptions has never been widely used in Poland. The main problems of up-
per quantile estimation are model misspecification (i.e. model error), a sample non-
representative for population and the number of parameters to be estimated from the 
observation data (i.e. sampling error). Following Buishand and Demaré (1990) and 
other publications on seasonal maxima, it is assumed here that summer and winter 
seasonal maxima follow the Gumbel distribution. Expressions for the asymptotic va-
riance and bias of the ML quantile estimate from both the SM and AM approaches are 
given. The results from these expressions are presented for a situation of non-seasonal 
variation and compared with estimates got by sampling experiments.  

2. Preliminaries  

The seasonal maxima (SM) approach is based on the union of two independent events. 
If the winter and summer peaks are subject to the cumulative distribution function 
(cdf) F1(x; θ1) = P1(X1 ≤ x; θ1) and F2(x; θ2) = P2(X2 ≤ x; θ2) with the parameter vec-
tors θ1 and θ2, respectively, then from the union of these two independent events one 
gets the cdf of annual peak flows [X = max(X1, X2)] as  
 1 2 1 1 1 2 2 2( ; , ) ( ; ) ( ; )F X x F X x F X x≤ = = ≤ ⋅ ≤θ θ θ θ θ . (1) 

The pdf of the X-variable is got by differentiating Eq. (1) with respect to x:  
 1 2 2 2 1 1 1 1 2 2( ; , ) ( ; ) ( ; ) ( ; ) ( ; )f x F x f x F x f x= = ⋅ + ⋅θ θ θ θ θ θ θ , (2) 

where ( ; ) ( ; ) .i i i if x dF x dx=θ θ   
In the SM approach, the parameters θ1 and θ2 are estimated separately from win-

ter peaks series (X1,1, X1,2, …, X1,N), and summer peaks series (X2,1, X2,2, …, X2,N), re-
spectively. In the AM approach, the parameters θ = (θ1, θ2) are estimated from the F 
distributed sample of annual peak flows (X1, X2, …, XN). The ML method is used here 
for the purpose. Having estimated the parameters θ, quantile estimates can be com-
puted from Eq. (1). If the function  

 ˆˆ( ) ( ;x F Fφ= )θ  (3) 

does not exist in explicit form, an iterative technique must be applied to obtain ˆ( )x F  
for given values of the parameters θ and the probability of non-exceedance F. In the 
SM approach, the asymptotic covariance matrix of the estimators of the parameter 
vectors 1θ̂  

 
and 2θ̂  

 
is obtained separately for the both vectors by the inversion of the 

respective Fisher information matrix (Fisher 1921), while applying the AM approach 
for the both vectors simultaneously. The asymptotic variance of the x(F) estimator, 
i.e., ˆvar { ( )}SM x F  and ˆvar { ( )}AM x F , can be obtained by the first-order Taylor series 
expansion of Eq. (3) about the point θ.  
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One can find from Eq. (1) that any two of three distribution functions define the 

third one. For example, for given F1 and F2 distributions with parameter number pn1 

and pn2, respectively, the F will have pn = pn1 + pn2 parameters. If the F and F1 are 
given functions, the F2 will be (pn2 = pn + pn1)-parameter function. Obviously the 
number of parameters to be estimated from a sample adverse affects accuracy of quan-
tile estimates.  

To unify the three functions in respect to the number of parameters one has to  
assume that seasonal distributions do not differ in respect to parameter numbers  
(pn1 = pn2) and moreover that the population values of parameters are the same for 
these two distributions. Note that the F1 and F2 can differ in form and their parameters 
can have a different meaning. Then from each of the samples, i.e. (X1,1, X1,2, …, X1,N), 
(X2,1, X2,2, …, X2,N) and (X1, X2, …, XN), the same number of parameters will be esti-
mated. It is intended to equalize the chance of the both approaches in regard to accura-
cy of the AM quantile estimates.  

Note that the SM approach does not reduce the size of the sample upon which pa-
rameter estimates are made and it makes use of additional information on flood beha-
viour. Therefore, using the SM approach one can expect a gain in the accuracy of an-
nual maxima estimation if compared with the annual maxima (AM) approach. The 
probability that the seasonal peak X2 is the annual peak X is defined by  

 2 2 1 2 1
0

( ) ( ) ( ) ( )P X X P X X f x F x dx
∞

= = ≥ = ⋅ ⋅∫ . (4) 

More can be achieved if the peaks of both seasons equally contribute to the AM distri-
bution, i.e., P(X = X2) ≈ 0.5. Equation (4) can serve in testing the fit of the SM model 
(Eq. 1) to the data. It is illustrated in Appendix A taking the exponential distribution.  

3. Gumbel as seasonal distributions  

Cdfs of seasonal maxima distributions are assumed to be of Gumbel form  

 ( ) exp 1, 2
i

i

x

iF x e i
β

α
−⎛ ⎞−⎜ ⎟

⎝ ⎠
⎡ ⎤

= − =⎢ ⎥
⎢ ⎥⎣ ⎦

. (5) 

Hence the annual maxima cdf (1) take the form  

 
1 2

1 2( ) exp exp
z z

F x e e
β β

α α
− −⎛ ⎞ ⎛ ⎞− −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
⎡ ⎤ ⎡ ⎤

= − −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

. (6) 

The quantile x(F) is given here in an implicit form  

 1 1 2 2( ) ( ; , , , )x F Fφ α β α β= . (7) 

Using the SM model, the parameters (α1, β1) and(α2, β2) are estimated by the ML me-
thod from (X1,1, X1,2, …, X1,N), (X2,1, X2,2, …, X2,N) samples, separately. It leads to the 
quantile estimate  
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 ( )1 1 2 2
ˆ ˆˆ ˆˆ ( ) ; , , ,SM SM SM SM SMx F Fφ α β α β= . (8) 

Asymptotic formula for the variance and the bias of quantile estimators (8) are 
given by Eqs. (B.14) and (C.1-6) in Appendices B and C, respectively. To be close to 
the practice, the case of the same number of parameters for seasonal and annual distri-
butions is considered here. It is done by assuming no seasonal variation in parameter 
values: α1 = α2 = α; β1 = β2 = β. In this case, the variance and bias do not depend on the 
location parameter β (see Eqs. (B.17) and (C.7)). Then the annual maxima have a 
Gumbel distribution with parameters β’= β + ln 2 and α:  

 ( ) exp 2 exp
x x

AMF x e e
β β

α α
′− −⎛ ⎞ ⎛ ⎞− −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
⎡ ⎤ ⎡ ⎤

= − = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

, (9) 

hence 

 ( )( ) ln( ln ) ln lnAMx F F Fβ α β α′= − − = − − . (10) 

Fitting a Gumbel distribution directly to the annual maxima leads to the ML-estimate 

 ˆ ˆˆ ( ) ln( ln )AM AM AMx F Fβ α′= − − . (10a) 

which has the asymptotic variance and bias given by Eqs. (B.19) and (C.9) (Phien 
1987), respectively.  

The two quantile estimates of the AM ˆ ( )SMx F  and ˆ ( )AMx F  can be compared by 
the asymptotic variance ratio which for no seasonal variation has the form (Fig. 1):  

 
2

2

ˆvar { ( )} 0.8786 0.6784 ( ) 0.3040 ( )( )
ˆvar { ( )} 1.1087 0.5140 ( ) 0.6079 ( )

SM

AM
x F y F y FQ F
x F y F y F

+ += =
+ ⋅ + ⋅

, (11) 

where  
 ( ) ln( ln )y F F= − − . (12) 

Note that Q(F) does not depend on α and β in this case. 
Application of the SM approach leads here to a considerable reduction of va-

riance of the AM quantile estimate, which increases with the probability F.  
As far as bias of quantile estimates is concerned, little reduction of the absolute 

value of bias for the SM model is observed and, moreover, the biases of large quan-
tiles of both models differ in sign (Fig. 2).  

4. Sampling experiment  

Equations (11) and (C.7a, C.9) are based on asymptotic expressions which need not be 
appropriate for small N. To investigate their usefulness a Monte Carlo sampling expe-
riments for the SM and AM methods have been performed. The maximum likelihood 
method has been applied to estimate the upper quantiles. Then, averaged over 20,000 
Monte Carlo loops, the bias and variance of the selected upper quantiles were calcu-
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lated. The calculations were carried out for Gumbel pseudo-random samples with 
sizes of N = 20 and N = 50. It is important to note that values of parameters α and β 
were the same for generated summer and winter samples.  

The comparison of the theoretical and sampling reduction of the upper quantiles 
variance (Fig. 1) revealed that the asymptotic theory should not be applied for hydro-
logical sample size, due to the relatively large discrepancy, especially for higher quan-
tiles.  

 

Fig. 1. Reduction of variance of ML-quantile estimates got by SM model.  

 

Fig. 2. Dimensionless ML biases for the AM and SM models and various sample sizes.  
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As far as bias is concerned, to enable the comparison to asymptotic results, the 
dimensionless sampling bias was calculated by relation to the value of α parameter 
and sample size (N):  

 ˆ ˆ{ ( )} { ( )}NDB x F B x F
α

= . (13) 

The dimensionless sampling bias both for the SM and AM methods correspond 
relatively well with the asympthotic results (Fig. 2). This is so, even though the sam-
pling sizes are small. It is worth noting that the seasonal approach (SM) produces 
smaller bias (in terms of absolute values) than the annual approach. Characteristic is 
also, that the AM approach always produces negative bias, whereas the SM is negative 
only for lower quantiles (up to ca. F > 0.995).  

5. Conclusions  

If the underlying assumptions are fulfilled, the SM approach to the AM distribution 
estimation is highly competitive to that based on the AM samples. Therefore, the 
problem with its implementation in the FFA lies in possible misspecification of sea-
sonal models and correctness of the assumption of independence of winter and sum-
mer peak flows.  

Acknowledgements . This work was partly supported by the Polish Ministry 
of Science and Informatics under the Grant 2 P04D 057 29 entitled ‘Enhancement of 
statistical methods and techniques of flood events modelling’. 

Appendix A 

Verification of the Independence Assumption 

The pdf of the ratio W = X1/X2 of the winter to summer peak flows (fW(w)) can be de-
rived from the seasonal peak flows pdfs, i.e., f1(x1) and f2(x2), providing Eq. (1) holds. 
To do it, the distribution of functions of two-dimensional random variables (W, X2) 
(e.g., Kaczmarek 1977) should be derived first:  
 2 1 2 2 2( , ) ( ) ( )f w x f w x f x J= ⋅ ⋅ ⋅ , (A.1) 

where J is the determinant of the form  

 1 1 2 2
2

2 2 2 0 1
x w x x x w

J x
x w x x
∂ ∂ ∂ ∂

= = =
∂ ∂ ∂ ∂

.  

Hence  
 2 1 2 2 2 2( , ) ( ) ( )f w x f w x f x x= ⋅ ⋅ ⋅ . (A.2) 
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The pdf of the W variable is the marginal distribution of the two-dimensional variate 
(W, X2):  

 2 2
0

( ) ( , )wf w f w x dx
∞

= ∫  (A.3) 

and 

 
0

cdf ( ) ( )w wF w f w dw
∞

= ∫ . (A.4) 

Note that an arbitrary moment αk(w) may be calculated from  

 1 2 1 2 1 2 1 1 1 1 2 2 2 2( ) ( ) ( , ) ( ) ( )k k k
k w x x f x x dx dx x f x dx x f x dxα

∞ ∞ ∞ ∞
−

−∞ −∞ −∞ −∞

= = ⋅∫ ∫ ∫ ∫ , (A.5) 

i.e., without having to find the density function (A.3).  
The probability that the summer peak flow (X2) is annual peak flow (X) is ob-

tained from Eq. (A.4) substituting w = 1. It is equivalent to Eq. (4) as  

 

1 1 1

2 2 1 2 2 2 2 2
0 0 0 0 0

1

2 2 1 2 2 2 2 2 1 2 2
0 0 0

(1) ( ) ( , ) ( ) ( )

( ) ( ) ( ) ( ) .

w wF f w dw f w x dx dw f w x f x x dx dw

f x f w x x dw dx f x F x dx

∞ ∞

∞ ∞

= = = ⋅ =

⎡ ⎤
= ⋅ ⋅ = ⋅⎢ ⎥

⎢ ⎥⎣ ⎦

∫ ∫ ∫ ∫ ∫

∫ ∫ ∫
 (A.6) 

Denoting by p = P(x = x2) the probability of success brings us to the binomial distribu-
tion, i.e., to the discrete probability distribution of the number of successes in a se-
quence of N independent yes/no experiments, each of which yields success with prob-
ability p. Its probability mass function (pmf) is defined by  

 ( ; , ) (1 )k N kN
f k N p p p

p
−⎛ ⎞

= −⎜ ⎟
⎝ ⎠

 (A.7) 

and the mean value, i.e., the expected number of summer maxima in the N-element 
annual maxima series  

 [ ]
2 2

ˆ ˆ( )x xN E N x x N p= = = = ⋅ . (A.8) 

Comparing the estimate 
2

ˆ
x xN =  with the observed number of years 

2x xN =  one can as-
sess an overall fit of the model, i.e., the chosen distribution functions together with the 
independency assumption, to the data ((X1, j, X2, j); j = 1, 2, …, N). If 

2 2
ˆ ;x x x xN N= =<  the 

interest is in evaluating the probability of getting from the N-element sample the value 
2
.x xNη =≤  It can be expressed in terms of the cumulative distribution function (cdf)) 

as the regularized incomplete beta function:  

 ( ) ( ) ( )2 2 2 2ˆ1ˆPr ; , , 1x x x x p x x x xN F N N p I N N Nη = = − = =≤ = = − + . (A.9) 
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In the opposite case, i.e., if 
2 2

ˆ ,x x x xN N= =>  one has to assess the probability of exceed-

ance the observed 
2x xN =  value:  

 ( ) ( ) ( )2 2 2 2ˆ1ˆPr 1 ; , 1 , 1x x x x p x x x xN F N N p I N N Nη = = − = => = − = − − + . (A.10)  

Example:  

As an example, consider the exponential distributions with lower bound zero both for 
winter and summer peak flows:  

 1pdf ( ) exp( )i i
i

f x x α
α

= −    and   cdf ( ) 1 exp( ); 1,2.i iF x x iα= − − =  (A.11) 

Then Eq. (A.2) takes the form:  

 2
2 2

1 2 1 2

1( , ) expx wf w x x
α α α α

⎡ ⎤⎛ ⎞= − +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 (A.12) 

and pdf of the variable W (Eq. A.3)  

2 1 1 2 1 2
2 2 2 2 2

1 2 1 2 2 1 1 20

( )1( ) exp
( ) ( ( ))w

wf w x x dx
w w

α α α α α α
α α α α α α α α

∞ ⎡ ⎤+⎛ ⎞= − = =⎜ ⎟⎢ ⎥ + +⎝ ⎠⎣ ⎦
∫  (A.13) 

while the cdf  

 1 2

2 1 2 1 1 2
( ) 1 ( )w

w wF w w w w
α α

α α α α α α
= − = =

+ + +
 (A.14) 

and 

 2

2 1 1 2

1(1) 1 ( )wF α
α α α α

= =
+ +

. (A.15) 
 

Note that the moments (A.5) of the pdf (A.13) do not exist for any (α1/α2) value. 
Substituting Eq. (A.11) into Eq. (4) we come to (A.15)  

 2
2

2 2 1 1 20

1( ) exp 1 expx xP X X dx α
α α α α α

∞ ⎛ ⎞⎛ ⎞ ⎛ ⎞= = − ⋅ − − ⋅ =⎜ ⎟⎜ ⎟ ⎜ ⎟ +⎝ ⎠ ⎝ ⎠⎝ ⎠
∫ . (A.16) 

For α1 = α2 = α P(X = X2) = 1/2, while for α1 =2α2 = α P(X = X2) = 1/3.  
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Appendix B  

Asymptotic Formula for the Variance of Quantile Estimators 
for Gumbel as Seasonal Distribution  

SM approach  

Taking Gumbel (Eq. 5) as a seasonal distribution, the following formula defines ap-
proximate asymptotic variance of quantile estimate got by SM approach  

{ }ˆvar ( )SM x F ≈  

       
2 22

1

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )ˆ ˆˆ ˆvar( ) var( ) 2 cov( , )ˆ ˆ ˆ ˆi i i i
i ii i i

x F x F x F x Fβ α β α
α αβ β=

⎧ ⎫⎛ ⎞∂ ∂ ∂ ∂⎪ ⎪⎛ ⎞≈ + +⎜ ⎟⎨ ⎬⎜ ⎟⎜ ⎟ ∂ ∂∂ ∂⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭
∑ , (B.1) 

where in the case of ML estimation (Phien 1987) 
2ˆvar( ) 0.6079 ,i i Nα α=   2ˆvar( ) 1.1087 ,i i Nβ α=   2ˆˆcov( , ) 0.2570 .i i i Nα β α=  (B.2) 

The first order partial derivatives of ˆ( )x F  with respect to the parameter estimates are 
required to obtain an expression for var { ( )}.SM x F  Since the function (7) does not 
exist in an explicit form, but the cdf (6) does, the derivatives can be obtained by the 
method of implicit partial differentiation. Let us define the function h(•) as  
 ( ) ( ) ( )1 1 2 2( ), , , 0F Fh F x F x Fφ = ⋅ − =θ θ θ θ , (B.3) 

where ( )Fx φ= θ  (see Eq. (3)). Differentiating of (B.3) with respect to θ yields  

 0.
F

h h
x

φ
θ θ

∂∂ ∂+ =
∂ ∂ ∂

 (B.4) 

Because the derivatives of h can be obtained directly from (B.3), (B.4) readily gives  

 Fx h
h x

θφ
θ θ

∂ ∂ ∂∂ ≡ = −
∂ ∂ ∂ ∂

. (B.5) 

For Gumbel as seasonal distribution, Eq. (B.3) takes the form  

 ( )
2

1

ˆ( ), exp( ) 0j j
j

h A Fφ α
=

= − − =∏θ θ  (B.6) 

where  

 1 ˆˆ ˆˆexp { ( ) }j j j jA x Fα β α− ⎡ ⎤= − −⎣ ⎦  (B.7) 

or denoting  

 ˆ ˆˆˆ ( ) { ( ) }j j jz F x F β α= − , (B.8) 

 1ˆ ˆexp ( )j j jA z Fα− ⎡ ⎤= −⎣ ⎦ . (B.7a) 
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Then  

 ( ) ( )1 2 1 1 2 2ˆ ˆexpˆ
h A A A Ax α α∂ = + − −
∂

 (B.9) 

 ( )1 1 2 2ˆ ˆexpˆ i
i

h A A Aα α
β
∂ = − − −
∂

 (B.10) 

hence 

 
2

ˆˆ( )
ˆ

i i

ii

h Ax F
h x A A

β
β

∂ ∂∂ = − =
∂ ∂ +∂

. (B.11) 

Proceeding similarly, one gets 

 ( ) ( )1 1 2 2 1 1 2 2

ˆˆ ˆ ˆ ˆ ˆˆexp ( ) expˆ ˆ
i

i i i
i i

xh A A A z F A A Aβ
α α α α

α α
−∂ = − − − = − − −

∂
 (B.12) 

hence 

 
1 2

ˆˆ ˆ( ) ( )ˆ ˆ( ) ( )ˆ ˆ
i i

i i
i i

h Ax F x Fz F z Fh x A A
α

α β
∂ ∂∂ ∂= − = =

∂ ∂ ∂ + ∂
. (B.13) 

Substituting of (B.2), (B.11) and (B.13) into Eq. (B.1) leads to:  

 { }
22

2

1 21

ˆ1ˆ ˆ ˆvar ( ) 1.1087 0.5140 ( ) 0.6079 ( )SM i i
i i

i

Ax F z F z FN A A
α

=

⎛ ⎞ ⎡ ⎤≈ + +⎜ ⎟ ⎣ ⎦+⎝ ⎠
∑ . (B.14) 

For the case of no seasonal variation, i.e., α1 = α2 = α, β1 = β2 = β and from Eq. (10),  

 ( )( ) ( ) ln lni
xz F z F Fβ
α
−= = = − − ,  

we get  

 ˆ( ) 1
ˆ 2

i

x F
β

∂ =
∂

 (B.15) 

while  

 ( )ˆ ˆ( ) ( ) 0.5 ln lnˆ 2i

x F z F F
α

∂ = = − ⋅ −
∂

 (B.16) 

and Eq. (B.14) is reduced to  

 { } ( )
2

2ˆvar ( ) 0.5544 0.2570 ( ) 0.3040 ( )SM x F z F z FN
α≈ + +  (B.17) 

or alternatively substituting into (B.17) z(F) = ln2 + y(F), where y(F) = –ln(–lnF)  

 { } ( )
2

2ˆvar ( ) 0.8786 0.6784 ( ) 0.3040 ( )SM x F y F y FN
α≈ + + . (B.17a) 
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AM approach 
Asymptotic variance of ML quantile estimators of Gumbel  

For the ML estimator of x(F) got from Gumbel distributed AM samples, i.e., 
ˆ ˆˆ ( ) ln( ln ),AMx F Fβ α′= − −  the expression for asymptotic variance takes the form  

{ }ˆvar ( )AM x F ≈  

        
2 2ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )ˆ ˆˆ ˆvar( ) var( ) 2 cov( , )ˆ ˆ ˆ ˆ

x F x F x F x Fβ α β α
α αβ β

⎛ ⎞∂ ∂ ∂ ∂⎛ ⎞′ ′≈ + +⎜ ⎟ ⎜ ⎟∂ ∂′ ′∂ ∂⎝ ⎠⎝ ⎠
. (B.18) 

Substituting into it  

 ˆ( ) ln( ln ) ( )ˆ
x F F y F
α

∂ = − − =
∂

  

 ˆ( ) 1ˆ
x F
β

∂ =
′∂

  

and Eq. (B.2), we get for the AM approach  

 ( ) ( )
2

2ˆvar 1.1087 0.5140 ( ) 0.6079 ( )AM
Fx y F y FN

α= + ⋅ + ⋅ . (B.19) 

Appendix C  

Asymptotic Formula for the Bias of Quantile Estimators 
for Gumbel as Seasonal Distribution  

SM approach  

Taking Gumbel as seasonal distribution the following formula defines approximate 
asymptotic bias of quantile estimate  

{ }
2

1

ˆ ˆ( ) ( )ˆ ˆˆ( ) ( ) ( )ˆ ˆ
SM

i i
ii i

x F x FB x F B Bβ α
αβ=

⎧∂ ∂⎪≈ + +⎨ ∂∂⎪⎩
∑  

 
2 2 2

22 2 2

ˆ ˆ ˆ( ) ( ) ( )1 1ˆ ˆˆ ˆvar( ) var( ) cov( , )ˆ ˆ2 2 ˆ ˆi i i i
ii i i

x F x F x Fβ α α β
αβ α β

⎫∂ ∂ ∂ ⎪+ + + ⎬∂∂ ∂ ∂ ⎪⎭
 (C.1) 

where, in the case of ML estimation (Hosking 1985)  

 ˆ ˆ ˆ ˆ( ) 0.370 , ( ) 0.772 ,i i i iB N B Nβ α α α≈ ≈ −  (C.2) 
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while ˆvar( ),iα  ˆvar( )iβ  and ˆˆcov( , )i iα β  are given by Eq. (B.2). First and second order 
partial derivatives of ˆ( )x F  with respect to the parameter estimates are needed to ob-
tain an expression for bias of ˆ( )x F  (Eq. (C.1)). Differentiating the first order partial 
derivatives (Eqs. (B.11) and (B.13)) with respect to parameter estimates ˆiα  and ˆ

iβ  
one gets (Buishand and Demaré 1990):  

 
2

2
1 1 2 2

2
1 2

ˆ ˆˆ ˆ ˆ( ) ( ) ( )2 1
ˆ ˆ ˆ ˆ ˆi ii i i

A Ax F x F x F
A A
α α

α αβ β β

⎛ ⎞+∂ ∂ ∂⎛ ⎞= − +⎜ ⎟⎜ ⎟⎜ ⎟+∂ ∂ ∂⎝ ⎠⎝ ⎠
, (C.3) 

 
2 2

2

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ˆˆ ( ) 1ˆ ˆ ˆˆ ˆ i i
i i ii i

x F x F x F x Fz F α
β β ββ α

⎧ ⎫∂ ∂ ∂ ∂⎪ ⎪= + −⎨ ⎬
∂ ∂ ∂∂ ∂ ⎪ ⎪⎩ ⎭

, (C.4) 

 
2 2

2

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ˆˆ ( ) 1ˆ ˆ ˆˆ ˆi i
ii i i i

x F x F x F x Fz F ααα β α β

⎧ ⎫∂ ∂ ∂ ∂⎪ ⎪= + −⎨ ⎬∂∂ ∂ ∂ ∂⎪ ⎪⎩ ⎭
. (C.5) 

In the situation of no seasonal variation:  

 
2

2

ˆ( ) 1
ˆ 4

i

x F
αβ

∂ =
∂

,      
2 ˆ( ) ( ) 1
ˆ 4ˆi i

x F z F
αβ α

∂ −=
∂ ∂

,       
2

2

ˆ( ) ( )[ ( ) 2]
4ˆi

x F z F z F
αα

∂ −=
∂

, (C.6) 

where z(F) = ln2 + y(F), while y(F) = –ln(–lnF). The expression for the bias of ˆ( )x F  
then becomes  

 { } ( )2ˆ( ) 0.519 0.948 ( ) 0.152 ( )SMB x F z F z FN
α= − ⋅ + ⋅ , (C.7) 

or expressing z(F) by y(F)  

 { } ( )2ˆ( ) 0.0726 0.7373 ( ) 0.152 ( )SMB x F y F y FN
α= − ⋅ + ⋅ . (C.7a) 

AM approach 
Asymptotic bias of ML quantile estimators of Gumbel  

For the ML estimator of x(F) got from AM samples, i.e., ˆ ˆˆ ( ) ln( ln ),AMx F Fβ α′= − −  
the expression for asymptotic bias takes the form  

 { } ˆ ˆ( ) ( )ˆ ˆˆ( ) ( ) ( )ˆ ˆ
AM x F x FB x F B Bβ α

αβ
∂ ∂′= +

∂′∂
. (C.8) 

Substituting into it (C.2) and the derivatives of ˆ ( )AMx F  in respect to parameter esti-

mates β̂ ′  and ˆ ,α′  one gets  

 { } ( )ˆ( ) 0.370 0.772 ( )AMB x F y FN
α= − ⋅ . (C.9) 
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Abstract  

The development of computational techniques increases the number of 
easy-to-use software designed for creating mathematical models, including the 
free CCHE2D software. This encouraged the authors to produce a computer 
model of a river section influenced by a projected channel outlet conducting wa-
ter from a small reservoir. A few discharge configurations were tested to verify 
the potential of the inflowing stream and the jets created in the Nida River. Ve-
locity distribution of water flowing into the Nida River during annual average 
flow conditions was measured. 

1. Introduction 

The paper evaluates flow disturbance below the flood channel outlet in the Nida River. 
At the moment, the river flows in a regulated, artificial channel. One of the cut-off 
meander loops in Pińczów has been transformed into an artificial lake. The existing 
outlet capacity is too low, which results in an improper flow regime in the reservoir. 
Proposed additional pipe projected at the shortest distance to the Nida River would 
increase water exchange in the reservoir. This will improve water quality, which is an 
important factor for local habitats including rare species of molluscs and for local 
people as long as the reservoir is used for recreation purposes. Flow disturbance model 
after the introduction of an additional duct was developed with the help of the 
CCHE2D software. 

2. The goal of the study and methodology 

Unlike the existing outlet from the reservoir which conducts water to the cut-off 
meander loop and mostly supplies the wetlands, the additional outlet would channel 



 

176

water directly to the river. The presented calculations were conducted in order to esti-
mate the Nida River hydraulic balance and bed stability after the creation of a short-
ened outlet from the reservoir. For that purpose, the river flow disturbance as well as 
the velocity and distribution of the stream in the Nida River channel were modeled. 
Calculations were performed with the help of the CCHE2D software. The modeled 
flow distance was 450 meters. 

3. The study object 

The Nida River 

The Nida River in the Pińczów cross-section flows in its lower run, which starts from 
the Mierzawa River outlet (Fig. 1). The basin area in the cross-section of Pinczów 
equals 3358 km2. Characteristic discharge parameters are as follows: Q1% = 450 m3 s−1 
and Q50% = 150 m3 s−1. The discharges in the river channel were as presented below: 
summer average flow of 8 m3 s−1, bank flow of 40 m3 s−1, and spring flood flow of  
70 m3 s−1. The width of the trapezoidal channel is 40 m. In the summer, average water 
depth is 0.5 meters, while water velocity equals 0.5 m s−1. Flow capacity measured  
in spring and summer 2007 varied from 6 to 9 m3 s−1. The measured average bottom 
sand diameter is 0.6 mm and the slope of the river bottom equals 0.61‰ (Bartnik et al. 
2004).  
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Location of the study area. 

Bed forms created on sand shoals can be also found in the river. In the cross-
section there are often deep zones and shallow waters (Fig. 2). In the modeled section 
of the Nida River, the shallow water zone has been stabilized near convex banks. 

According to Hjulström’s results (Wołoszyn et al. 1974), sedimentation process-
es appear in this section for velocities lower than 0.05 m s−1. For velocities up to 
0.2 m s−1, balanced transportation can be found, and after this speed is exceeded, bed 
erosion processes appear. Critical drag stresses for sand fraction between 0.4 and  
1 mm vary from 2.45 to 2.95 N m−2 Wołoszyn et al. 1974. The Ashley measurement 
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results (Radecki-Pawlik 2006) define the maximum flow velocity for stable bed, when 
bed forms are created in the Nida River; it is defined in the range from 1.1 to 1.3 m s−1 
(Fig. 3). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. The reservoir and the Nida River with visible bedforms (photo: Aeroklub Pińczowski). 
A – proposed channel, B – existing channel. 
 

Fig. 3. River bed forms formation conditions depending on the mean flow velocity after Ashley 
(Radecki-Pawlik 2006). 
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The reservoir 

The reservoir area equals 10 ha and its maximum depth exceeds 1.5 m. Water outflow 
system conductivity reaches 170 l s-1 for the normal water level, which is too low since 
as a result water is stored in the reservoir for 8 days instead of the required 4-5 days 
(Strużyński 2007a). As far as the costs of the restoration are concerned, the goal can 
be achieved after building an additional channel which would increase normal flow 
through the reservoir as well as increase the safety of surrounding areas during floods. 
Flow discharge in this balancing duct will reach from 150 l s−1 to 450 l s−1 during nor-
mal water level and 750 l s-1 during flood (Strużyński 2007b). The slope of the channel 
would be 4‰.  

4. Modeling methodology 

Finite element method 

The CCHE is an analysis system for two-dimensional, unsteady, turbulent river flow, 
sediment transport, and water quality evaluation (Zhang 2006).  
The continuity equation: 

 
( ) ( ) 0.Z hu hv

t x y
∂ ∂ ∂

+ + =
∂ ∂ ∂

 (1) 

The momentum equations: 

 
( )( )1 ,xyxx bx

Cor

hhu u u Zu v g f v
t x y x h x y h

ττ τ
ρ

∂⎡ ⎤∂∂ ∂ ∂ ∂
+ + = − + + − +⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦

 (2) 

 
( ) ( )1 ,yx yy by

Cor

h hv v v Zu v g f u
t x y y h x y h

τ τ τ
ρ

∂ ∂⎡ ⎤∂ ∂ ∂ ∂
+ + = − + + − +⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦

 (3) 

where u and v are the depth-integrated velocity components in the x and y directions, 
respectively; g is the gravitational acceleration; Z is the water surface elevation; ρ is 
water density; h is the local water depth; fCor is the Coriolis parameter; τxx, τxy, τyx and  
τyy are the depth integrated Reynolds stresses; and τbx and τby are shear stresses on the 
bed surface.  

In the equations presented above, the Reynolds stresses have approximate values 
based on Boussinesq’s assumption: 

 2 ,xx t
uv
x

τ ∂
=

∂
  

 ,xy yx t
u vv
y x

τ τ
⎛ ⎞∂ ∂

= = +⎜ ⎟∂ ∂⎝ ⎠
 (4) 
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 2 .yy t
vv
y

τ ∂
=

∂
  

The CCHE2D model adopts two zero-equation eddy viscosity models. The first 
one is the depth-integrated parabolic model, in which the eddy viscosity vt is calcu-
lated by the following formula: 

 * ,
6
xy

t

A
v U hκ=  (5) 

where Axy is an adjustable coefficient of eddy viscosity, K is the von Karman constant, 
and U* is the shear velocity. 

The second eddy viscosity model is the depth-integrated mixing length model, 

 
2 2 2 2
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u v u v Uv l
x x x x z

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂
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 ,m
U UC
z hκ

∗∂
=

∂
  

where Cm is the coefficient with a value of 2.34375 so that the equation of depth-
integrated parabolic model will cover the equation of depth-integrated mixing length 
in the case of a uniform flow in which all the horizontal velocity gradients vanish.  

5. Generating the mesh and running the model 

The mesh was generated with the help of the CCHE2D Mesh Generator on the basis 
of bathymetry measurements conducted in June 2007 and the satellite image taken in 
2004 (Strużyński 2007b, Bartnik et al. 2004). The main parameters of the mesh are 
presented in Table 1. 

The bed elevation model, mesh at the outlet, and the outlet boundary condition 
were defined through the rating curve (Fig. 4). 

In CCHE2D there are three turbulence models available: the parabolic eddy vis-
cosity model, the mixing length model and the k-e model (Zhang 2006). In the runs 
performed the mixing length model was used with Method 1 of time iteration. During 
stabilization of the modeled flow, Method 2 was used. There is no strict description of 
how many iterations per one step are performed. Within Method 1, a ‘small’ number 
of iterations per time step is done, and while Method 2 is chosen the solver CCHE2D 
performs a ‘bigger’ number of iterations.  

The 3-meter long mouth of this duct was modeled as a steep (3.7%) spillway. 
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Table 1 

Parameters of the generated mesh and performed modeling 

Model parameters 

River section length [m] 450 

Channel length [m] 100 

River/channel width [m] 45/2 

Max. river depth [m] 1.5 

Average mesh density [m] 1 

No. of cells 17760 

No. of inlets/outlets 2/1 

No. of steps per run 3600 

Time step [s] 0.1–1 
 

The Manning roughness coefficient in riverbed was defined as 0.025. The 
CCHE2D software cannot simulate flows in pipes, so a transformation to the flow 
with similar condition in a concrete channel was made. Roughness value of 0.0175 
was chosen for the trapezoidal channel to reflect flow depth and velocity in the substi-
tuted pipe.  

This paper presents preliminary results of modeling. Water flow calculations 
were conducted including, e.g., velocity, shear stresses and the Froude number. The 
modeled flow in the system was initially developed for low flow conditions (Q = 8  
m3 s−1) with very low discharge in the channel (Q = 0.01 m3 s−1). The stabilization time 
was 16 minutes. Every case was developed after 7200 steps. The model was stable for 
about 1 hour of simulation for all performed cases with the exception of case 4 (see 
Table 2) in which outflow velocity from the channel was continuously increasing until 
it reached the speed of over 2.5 m s−1 in the 10-meter radius surrounding the channel 
mouth. In this case, the Chezy formula was used to choose the best modeling step. 

6. Results and discussion 

Velocity measurements and modeling 

The presented plot of iso-velocity lines (Fig. 5) is created for yearly average flow con-
ditions (Q = 8 m3 s−1). The presented velocity distribution was measured in situ in the 
cross-section localized 100 meters upstream from the outlet of the proposed channel. 
Bed geometry and velocities reflect hydrodynamic conditions shown on Figs. 2 and 3. 
Bed elevation of the model created in CCHE2D was more generalized when compared 
to the investigated cross-section. However, velocity distribution gathered from the 
model reflects the in situ measurements. In sections localized downstream to the 
channel outlet, the influence of the flowing stream predictably moderates the main 
discharge.  
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Fig. 4. The mesh and D.E.M. generated 
with the Mesh Generator for the model 
of the Nida River section with the 
channel outlet from the reservoir. Top 
diagram rating curve defined at the 
outlet of the model. 

 
 

 

Fig. 5. Measured velocity points and isotachs plotted in the Nida River cross-section in Piń-
czów. 
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The jet stream created by the current from the channel divides the main flow into 
three zones. The jet itself creates a ‘tail’, the shadow zone near the left bank, and the 
narrowed cross-section with condensed flow (Fig. 6).  
 
(a) Qch = 0.15 m3 s−1 – case 1, 
 
 
 
 
 
 
 
 
 
 
 
 
(b) Qch = 0.45 m3 s−1 – case 2 
     (see Table 2). 
 
 
 
 
 
 
 
 
 
Fig. 6. Main stream moderation by the outflow of water from the side channel during flow  
Q = 8 m3 s−1. 

Interpretation of CCHE2D results 

The border of the shadow zone was defined as a zone of relatively high velocity gra-
dient appearing between the inner region (shadow zone) and the tail. The main para-
meters of the tail and shadow zone in the model were measured for the performed 
runs. As long as the localization of the channel outlet can disturb the main flow, the 
maximum velocity and shear stress values were searched in the model for separate 
cases. The main results of 5 cases of modeling have been gathered in Table 2. In the 
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channel, first four models were run under free flow water conditions and in the last 
case a backwater flow from the river was simulated.  

As shown in Table 2, the length of shadow zone increases proportionally to the 
river flow and the width grows with the increase of discharge in the channel. While 
the backwater appears in the channel, the velocity of outflowing water decreases, 
which reduces the influence of the channel on the main stream during flood flow. Un-
der the flow parameters combined in case 4, the shadow zone reaches the highest 
range and the shear stresses exceed 16 N m−2. In spite of the biggest stresses found in 
the river in case 5 (9.5 N m−2), the most intensive influence of the perpendicular chan-
nel on the Nida River flow can appear when the water from the channel freely flows 
through the mount.  

Table 2 

The results gathered from CCHE2D modeling and the Chezy equation 

Discharge Q m3 s−1 
river/channel 

Case 1 
8/0.15 

 

Case 2 
8/0.45 

 

Case 3 
8/0.75 

 

Case 4 
40/0.75 

 

Case 5 
70/0.75 

*** 

Average river flow depth in the 
upstream sections [m]* 0.34 0.34 0.34 0.9 1.26 

Stream average velocity in the 
river/channel [m s−1]* 0.53/0.64 0.53/1.10 0.53/1.32 1.00/1.32 1.24/1.32 

Maximum stream velocity in the 
tail formed downstream the 
channel outlet [m s−1]** 

0.54 0.6 1.15 1.6 0.3 

Maximum value of shear stresses 
in the river upstream/in the tail 
[N m−2]** 

3.6/2.0 3.6/3.7 3.6/10 5.5 / 16 9.5/0.2 

The width/length of the shadow 
zone [m]** 5/12 6/16.5 8.5/25 8/86 3.5/23 

 

*by using the Chezy equation, **data from the CCHE2D, ***backwater flow conditions in the 
channel. 

These conditions (cases 1-4) are more reasonable for the gravitationally drained 
reservoir but can intensify bed erosion processes in the riverbed as long as the critical 
dragging forces, which equal 2.7 N m−2 for the moderate-size sand fractions covering 
bottom, are exceeded.  

Following Wołoszyn (1974), for cases 1 to 3, permissible average velocity equals 
0.42 m s−1; for the case 4 flow, velocity can reach 0.49 m s−1, and in case 5 it can reach 
0.52 m s−1. It can be stated after Hjulstrom (Wołoszyn et al. 1974) that erosion 
processes would appear in all cases; however, the results of more extensive Ashley 
measurement results (Radecki-Pawlik 2006) indicate that for cases 1 and 2 dunes or 
ripples would appear; for case 3, dunes or flat bed; and only in cases 4 and 5, massive 
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transportation and flat bed would appear. The range of velocities found in Fig. 3 (1.1 
to 1.3 m s−1) indicates that conditions of flat bed formation can start exceeding the 
shear stresses in the range from 6 to 7.8 N m−2. Destroyed balance of bed load trans-
portation leads to erosion processes and is potentially dangerous for bed stability, es-
pecially in the zones of rapid flow tail created by channel activity. Massive transporta-
tion disturbs hydro-morphological balance during almost every spring flood in the 
sections of the Nida River near Pińczów in the vicinity of a local airfield and below 
the bridge on the national road (Bartnik et al. 2004). There is a concept of river renatu-
ration, which would improve bed stability and decrease flood hazard. As long as the 
river is regulated, flood protection of areas localized in the neighborhood of the reser-
voir will not be effectively performed. The tail simulated in case 4 does not reach the 
pillars of the road bridge localized 120 meters below the channel mouth.  

7. Conclusions 

The results of the modeling performed in cases 1 and 2 confirmed the possibility of 
using the proposed conduct during low flow conditions in the river and the reservoir. 
The results calculated in case 3 indicate that flow from the channel would overcome 
parameters of bed stability. The income of 0.75 m3 s−1 from reservoir would cause 
local bed degradation processes in the Nida River even in low flow conditions. This 
means that in the regulated river, massive transportation of bed material takes place if 
the flow is higher than annual average. As shown in case 4, the conduct should not be 
used in high flow conditions appearing in the river. In case 5, we have to deal with 
backwater in the conduct. The drown outlet will increase flow resistance in the pipe 
(in the CCHE2D modeled as a channel). Additionally, the difference of water levels in 
the reservoir and in the river will decrease, which will affect the discharge in the pipe. 
These two processes would decrease the risk of using the conduct in flood conditions 
in the Nida River. 

The results of case 4 are the most unfavorable. Due to the appearance of free 
flow conditions in the pipe (checked with the use of the Darcy-Weisbach equation), 
flood flushing and water refreshing operations necessary for improving the good state 
of the reservoir would not be possible or should be carried out with special care. From 
another point of view, this additional outlet is to be localized on the convex bank, 
where the bar is located, so it would be possible to perform short-term outflows of the 
required Q = 0.75 m3 s−1, whose influence would be easily supplemented within the 
natural processes of aggradation of bed material. This can be described in detail after 
simulating bed movement in the model, which can be done with CCHE2D. 

The results of the CCHE2D model with the created mesh are reasonable for all 
the examined cases. The stability of the modeled flow in the Nida River and the chan-
nel conducting water from the reservoir was high. In case 4, however, proper results 
had to be searched in the history file. The decision was made on the basis of the Chezy 
formula calculations. The problem of model instability was not solved in the con-
ducted modeling session. The results taken from the created mesh should be verified 
on a new mesh of higher density close to the outlet of the channel. 
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Abstract  

Three different types of models were applied to compare an impact of 
floodplain treatment in 1D modelling on compound channels discharge capacity 
and retention volume of vegetated floodplains. The tested models are based on 
1D St Venant equations with the Darcy-Weisbach friction law. A traditional way 
in which floodplains in 1D modelling are considered storage areas was compared 
to a model with conveyance of vegetated floodplain and a model with lateral 
shear stress between the channel and floodplain section, proposed in the Pasche 
approach. The models were applied to a steady flow in a 50 km long double tra-
pezoidal channel, and differences in rating curves, retention volume of vegetated 
floodplains, and discharge distribution in a cross-section, were found between 
the models. 

1. Introduction 

Designing of compound channels, as well as projects of environmental flood man-
agement require in many cases estimating discharge capacities of compound channels 
and retention volume of vegetated floodplains. One dimensional hydrodynamic mod-
els are widely applied for solving these problems. This type of models is based on the 
assumptions of 1D flow, with the most relevant believing that the water level and dis-
charge vary only in the longitudinal direction. Flow processes in channels with local 
flood berm vegetation between the main channel and floodplains are very complex. 

When water overflowing the main channel and overbank flow occurs, processes, 
such as interaction between the main channel and floodplain flows, significant varia-
tion of resistance parameters with depth and flow regimes, distribution of boundary 
shear stresses and effects of vegetation on retarding flow (Knight 2001), will be consi-
dered. A traditional way to deal with floodplains in 1D modelling is considering floop-
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lains retention areas with zero longitudinal velocities. In a one-dimensional model, 
floodplains geometry is accounted for in only one of Saint Venant’s equations – a 
continuity equation, and the momentum equation reduces that to hydraulic parameters 
within the main channel geometry (Cunge et al. 1980). In another simplified approach 
widely used in solving river flow, cross-section conveyance is solved as the sum of 
conveyance of the main channel and left and right floodplain, and water level calcu-
lated for the cross-section is considered constant across the cross-section. A zero shear 
stress assumption is made for a vertical division between a channel and floodplain 
section. Although these methods are attractive in their simplicity, they ignore second-
ary effects due to the interaction between high velocities in the main channel and low 
velocities on the floodplain, and in consequence, overestimation of discharge capacity 
(Ackers 1993). Presently one-dimensional methods for water level calculation have 
been developed which take into account a lateral shear stress between the main chan-
nel and vegetated floodplain (e.g., Pasche 1984, Nuding 1998) and are capable of con-
sidering a momentum transfer between the main channel and the floodplain.  

2. Developed models 

Three different types of models were applied to compare an impact of floodplain 
treatment in 1D modelling on compound channels discharge capacity and retention 
volume of vegetated floodplains. Water levels, discharge distribution between the 
main channel and floodplain, as well as retention volume were compared for the fol-
lowing models: 

− model DW_FA_P: Vegetated floodplain and St Venant equations with the 
Pasche’s method for description of a momentum transfer between the main 
channel and floodplain (Swiatek 2007), 

− model DW_FA: Vegetated floodplain and St Venant equations with a zero 
lateral shear stress between the channel and a floodplain section, 

− model DW_FIN: St Venant equations with floodplains as storage areas. 
Both models, DW_FA_P and DW_FA, enable accounting for flow resistance resulting 
from vegetation covering a compound channel with floodplain in unsteady flow calcu-
lations. Moreover, the DW_FA_P allows to consider a momentum exchange between 
the main channel and floodplains, proposed in the Pasche approach (Pasche 1984). In 
the DW_FIN model it is only possible to take into account flow resistance caused by 
the main channel vegetation. The floodplain is considered only a storage area with 
zero velocities, and thus will not contribute to the overall momentum flux in a cross 
section.  

A basis for calculations in the three models is the friction law of Darcy-Weisbach 
and the conveyance factor K, expressed as 

 
1/28 ,gRK A

λ
⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (1) 

where: A = cross area of flow; g = gravitational acceleration; R = hydraulic radius;  
λ = friction factor. 
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Flow resistance in parts of channel sections overgrown with vegetation depends 

on both vegetation and bed roughness and is calculated as a sum of channel bed λs and 
submerged vegetation λv friction factors (Indlekofer 1981). Friction factors for high 
vegetation λv were the aim of investigations by Kaiser (1984), Lindner (1982) and 
Pasche (1984), and are computed according to the concept issued by these authors. 
The lateral shear stress between the main channel and vegetated floodplain is taken 
into account in the model DW_FA_P. In this model, a compound river cross section is 
divided into sections with vertical imaginary walls between the main channel and 
neighbouring floodplains. The heights of these boundaries are taken into consideration 
in calculations of the wetted perimeter of the main channel, and separate Darcy-
Weisbach friction factors are estimated for these imaginary walls. According to 
Pasche (1984), a friction factor of the boundary depends mainly on relationships of a 
plant diameter and distances between individual plants, and the contributing width of 
the floodplain that has influence on the interaction process. This process decreases the 
discharge in the main channel and increases the discharge on the floodplain. 

The total conveyance (Eq. 1) for a compound cross section in models DW_FA_P 
and DW_FA is obtained by summing the subdivision conveyances of the channel and 
floodplains. The total conveyance K is introduced to the St Vetnant equations.  

3. Results 

In order to compare a compound channel discharge capacity and retention volume  
of vegetated floodplains, three models were applied to a steady flow in a double trape-
zoidal channel. The channel length was L = 50 km and bottom slope J = 0.0005. A 
compound river cross-section was stable and its geometry and growth of vegetation as 
presented in Fig. 1. The left floodplain was 60 m wide and covered with shrubs of  
dp = 1.0 m of diameter and an average distance between individual shrubs of  
ax = ay = 2.5 m. A part of the left channel slopes was covered with low vegetation of 
roughness ks = 0.5 m. The bottom of the main channel was covered with small and 
medium-grain sand of roughness ks = 0.05 m. The right channel slopes were covered 
with low vegetation of roughness ks = 0.09 m. The right floodplain was 60 m wide and 
planted with shrubs and trees of an average diameter of dp = 0.04 m, and average spac-
ing ax = ay = 0.3 m. The floodplains roughness was 0.10 m.  
 

 

Fig. 1. A sketch of a compound cross-section. 
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A numerical mesh with a constant space step Δx = 1000 m and 51 nodes was 
used. Simulations for a steady flow were performed for different values of discharge 
ranging from 2 m3/s to 35 m3/s, and then rating curves were elaborated for the tested 
models (Fig. 2).  
 

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

0 5 10 15 20 25 30 35
Q[m3/s]

w
at

er
 s

ta
ge

 [m
]

DW_FIN DW_FA_P DW_FA
 

Fig. 2. Rating curves for tested models. 

In model DW_FIN, water level at discharge of 35 m3/s was about 0.57 m and  
0.36 m higher than in models DW_FA and DW_FA_P (Fig. 2). It is so because in 
model DW_FIN only the main channel transports all the water in the longitudinal di-
rection. The lateral shear stress assumed in model DW_FA_P causes the water level to 
be 0.21 m higher than in model DW_FA. The differences in water levels vary from 
0.06 m at discharge of 10 m3/s to 0.21 m at 35 m3/s. The water depth on floodplains 
varies from 0.24 m to 1.64 m for the studied range of discharges (model DW_FA_P). 
The ratio of differences in water levels in models DW_FA_P and DW_FA as referred 
to water depths on floodplains shows that for low water levels on floodplains, the  
lateral stress played a significant role. In Fig. 3, retention volume of floodplains is 
shown for the tested models. In model DW_FIN, the maximum retention volume is 
about 19% higher than in model DW_FA_P, and 31% higher than in model DW_FA 
(Table 1).  

Table 1 
Percentage variability of retention volume of floodplains 

in models DW_FA_P and DW_FA in relation to model DW_FIN 

Q 
[m3/s] 

VDW_FA_P /VDW_FIN 

% 
VDW_FA /VDW_FIN 

% 
10 72 25. 
15 92 64 
20 74 65 
25 77 66 
30 79 68 
35 81 69 
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Fig. 3. Retention volume of floodplains calculated in tested models. 

Models DW_FA_P and DW_FA allow to take into account longitudinal veloci-
ties on floodplains. Calculated discharges for the main river channel and left and right 
floodplains are shown in Figs. 4-6. At the total discharge of 35 m3/s, in model 
DW_FA_P over 31% of this value, was transported on the floodplains and in model 
DW_FA – about 26% (Table 2). Highest differences (Table 2) are at low water levels 
on floodplains. This is due to the fact that the impact of resistance of the vegetated 
floodplain is lower than that of the lateral shear stress.  
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Fig. 4. Discharges Qlf in the left floodplain calculated in models DW_FA_P and DW_FA. 

4. Conclusions 

A traditional model in which floodplains are considered to be the only storage areas 
significantly overestimates a discharge capacity in relation to a model with conveyance 
of vegetated floodplain, and  model  with  lateral  shear  stress  between  the channel and  
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Fig. 5. Discharges QCH in the main chanel calculated in models DW_FA_P and DW_FA. 
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Table 2 

Percentages of discharge on the floodplains and in the main channel 
in models DW_FA_P (Q_P) and DW_FA (Q_F) 

Q 
[m3/s] 

Q_PCH /QTOT 

% 
Q_PLRF /QTOT 

% 
Q_FCH /QTOT 

% 
Q_FLRF /QTOT 

% 
10 92 8 98 02 
15 79 21 86 14 
20 78 22 81 19 
25 74 26 77 23 
30 71 29 75 25 
35 69 31 74 26 
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the floodplain. Percentage differences in water depth for a studied example in which 
floodplain is covered with shrubs and trees achieve 40% and 22%, respectively, at 
high water levels on floodplains. In the model with vegetated floodplain conveyance 
and lateral shear stress between the channel and floodplain, the water depth on flood-
plains is about 15% higher than in the model in which only vegetated floodplain con-
veyance is considered. The differences in water levels and discharge distribution in the 
floodplains in these two models depend on, which factor, the lateral stress or the ef-
fects of vegetal resistance of high plants, played a more significant role. 

Contrary to the traditional approach where floodplains are considered storage 
areas, models with floodplain conveyance compute velocities, discharges, and friction 
factors for each specified part according to the type of vegetation in floodplains and 
the main channel. They may be used to estimate a new water surface level for renatu-
ralized rivers, especially for flood conditions, as well as, to ensure suitable conditions 
for habitat diversity in projects of environmental flood management. They are an ap-
propriate tool to estimate floodplain vegetation influence on flow conditions.  
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Abstract  

The paper concerns mathematical modelling of rapid flooding flow in urban 
(built-up) area. The two dimensional Saint Venant equations are assumed as the 
model of free surface water flow. The model equations are solved using finite 
volume method. The mass and momentum fluxes are computed applying the Roe 
scheme of Godunov problem solution. The built-up area is exactly represented in 
city inundations simulation. Each separate building is excluded from the compu-
tational domain. The numerical mesh is generated in flow area between buildings 
only. An influence of the type of boundary conditions imposed on buildings 
walls on simulation results is investigated in the paper. The results of numerical 
computations are examined against laboratory measurements. The laboratory ex-
periment carried out in hydraulic laboratory of the Gdańsk University of Tech-
nology is presented in the article. 

1. Introduction 

The problem of urban flood simulation has recently become one of the most important 
research subjects of modern hydrology. The mathematical modelling of rapid inunda-
tion in urban areas is the main tool for assessment of risk in the city exposed to flash 
flooding. Numerical simulations of floods are performed to predict and analyze the 
parameters of catastrophic flows. Then, the predicted flow parameters (water depth 
and velocity) can be used to estimate and mitigate the flood influence on city infra-
structure (Kelman and Spence 2004) and to increase citizens security (Jonkman et al. 
2002). When estimating the urban flood parameters, the mathematical model of wave 
propagation and the digital terrain model of flood area are needed. The former is con-
sidered in the paper only. The shallow water equations (Tan 1992) are chosen to 
represent the free surface water flow in built-up flood plain. 
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There are several techniques that can be applied for buildings representation in 

two dimensional shallow water flow modelling. The choice depends on dimensions of 
flow area and buildings. If the distances between buildings are close to the lengths of 
buildings walls, the buildings can be simply excluded from numerical mesh. In such 
case, the buildings walls make the closed boundaries of the computational domain and 
the mesh is generated in the area outside the buildings. However, if the spaces be-
tween buildings are significantly smaller than dimensions of flow, area the proper 
mesh generation is often impossible due to high disproportion of mesh elements size 
inside and outside the built-up area. Therefore, the explicit exclusion of the buildings 
from the numerical mesh can be impossible in this case, and the buildings have to be 
embedded into simulation as the sub-grid effect, using the urban porosity technique 
for example (Soares-Frazao et al. 2008). The buildings exclusion method is applied in 
the example presented in this paper. 

The buildings representation with the technique of exclusion of the areas covered 
by buildings, needs to define the boundary conditions on the solid buildings walls. 
Two types of closed boundary conditions can be imposed on the wall in the simulation 
– no-slip boundary (velocity vector equal to zero) and free-slip boundary (only normal 
to the wall direction component of velocity reduced to zero). In the second case, the 
tangential component can be different from zero. However, its derivative in the direc-
tion normal to the wall equals zero. The influence of the boundary condition type on 
numerical results of rapid urban flood computation is investigated in the paper. The 
computations obtained using both boundary condition types are compared to laborato-
ry measurements of water depth in model built-up area. 

2. Shallow water flow model and solution method 

The mathematical model used in the study to simulate urban rapid flooding is a sys-
tem of shallow water equations. It can be derived from the Navier−Stokes equations 
assuming hydrostatic pressure and uniform velocity distribution along water depth. 
The model can be presented in conservative form as (Abbott 1979): 

 0
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∂ ∂ ∂
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In the system of Eqs. (1) and (2), t = time; (x, y) = horizontal coordinates; (u, v) = 
depth-averaged velocities in x and y directions; h = local depth; Sox , Soy = bed slopes in 
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x and y directions; Sfx , Sfy = bottom friction terms in x and y directions defined by 
Manning formula; g = gravity. Equation (1) can be presented in another vector form as 
(LeVeque 2002): 

 0,
t

∂
+∇ + =

∂
U F S  (3) 

where vector F is defined as Fn = Enx + Gny and n = (nx, ny)T is an unit vector. 
In order to solve the mathematical model of free surface water flow (Eq. 3) a 

numerical method of partial difference equations integration has to be implemented. 
To integrate the model in space, one of the grid methods known as finite volume me-
thod (LeVeque 2002) is applied. This method requires to calculate the fluxes of mass 
and momentum through the computational cells (volumes) interfaces. It is ensured 
applying the Roe scheme (1981) of Godunov problem solution. Detailed description of 
the method is available in the literature (Toro 1997); therefore, it is not presented in 
this paper. The solution of Eq. (3) must be completed with time integration scheme. 
The two-step explicit scheme of finite difference method is used in solution algorithm. 
The computational code for numerical simulation of the rapid floods was prepared at 
Hydroengineering Department of Gdańsk University of Technology (Szydłowski 2003) 
and it has been tested for the flow in urban area problems (Szydłowski 2007). 

The model is used here to investigate the influence of the type of boundary con-
ditions imposed on the solid buildings walls on the quality of the numerical simulation 
results. Two types of closed boundary conditions can be implemented in solution of 
water flow problem – no-slip boundary condition or free-slip boundary condition. 
Both of them require the normal component of the velocity vector Vn to be equal to 
zero. If the no-slip boundary condition is imposed, the second velocity component Vs 
(tangential to the boundary) is also equal to zero. This condition is consistent with the 
idea of boundary layer, where the flow velocity is reduced to the velocity of the boun-
dary. This type of condition is usually used in computational fluid dynamics for Navi-
er−Stokes equations solution. For the solution of shallow water equations the free-slip 
condition is most widely imposed. There is no restriction for the tangential velocity 
component Vs to be zero in this approach. Only Vs derivative in normal direction to 
the boundary should be equal to zero. The schematic representation of both types of 
boundary conditions on the building wall is presented in Fig. 1. 
 

n

s

building solid wall - closed boundary
V  = 0n

no-slip boundary 
V  = 0s

free-slip boundary 
       dV /dn =  0s

V

 
Fig. 1. Types of boundary condition on building wall. 
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3. Laboratory and numerical experiments 

The experiments on urban rapid flooding were carried out in the hydraulic laboratory 
of Gdańsk University of Technology (Szydłowski 2007). For laboratory measure-
ments, the hydraulic test stand was built (Fig. 2). It is composed of the reservoir  
(3.0 m long, 3.5 m wide) and the horizontal flat plate (3.75 m long, 3.0 m wide). The 
plate is separated from the reservoir with the wall (0.12 m wide). Three other bounda-
ries of the plate are open. The 0.5 m wide rectangular breach in the wall can be closed 
and suddenly open. The gate opening process is automatic. During test experiments, 
the Manning friction coefficient of the plate and reservoir bottom was estimated as 
n = 0.018 m−1/3s. Then, it was used for numerical simulation of flow on the plate sur-
face.  

The depth variation can be measured at the control points A1-A8 (Fig. 3). In or-
der to simulate rapid flood in built-up, area the models of buildings are installed on the 
plate. 
 

 

Fig. 2. General view of hydraulic test stand (left) and built-up area test case configuration 
(right). 

 

 
Fig. 3. Model city configuration, gauging points location (left) and part of numerical mesh 
(right). 



199 
 
Few configurations of building layout have been investigated during research. 

The unsteady water flow phenomenon known as the dam-break problem was simu-
lated in the laboratory and calculated using the shallow water flow model with free-
slip boundary condition imposed on buildings walls. It was observed (Szydłowski 
2007), that, in general, computed water depth inside the built-up area is underesti-
mated in relation to the measurements. It seems that this can be a result of insufficient 
urban area friction representation. In the shallow water model, only the bottom friction 
is incorporated and buildings walls friction is neglected. Considering the rapid flow 
between buildings it is clear that the influence of walls on the flow should not be neg-
lected. The friction observed on the walls surface reduces the velocity in the vicinity 
of buildings walls. In this paper it is proposed to replace the free-slip boundary condi-
tion on the solid buildings walls with the no-slip boundary condition, it means, to arti-
ficially reduce the tangential velocity on the wall surface to zero. 

In order to verify the influence of the type of boundary condition on the quality 
of the numerical simulation of urban rapid flood, the steady flow experiment has been 
carried out. The flow in unstructured buildings configuration is considered. In this test 
case, the streets have made the complex system of open channels bounded with solid 
walls of buildings models (Fig. 3). 

In order to ensure the constant water discharge through built-up area, the gate 
was fully open during the experiment. The discharge was controlled by the Thompson 
weir installed at reservoir inflow section and it was equal to 43.56 l/s. 

For numerical calculation the domain was covered by unstructured mesh com-
posed of 13787 computational cells (Fig. 3). The mesh was refined between buildings. 
The size of computational cells around each building was about 0.02 m and it was 
increasing to 0.15 m near the boundaries of flow area. The steady flow laboratory 
experiment was simulated numerically starting from unsteady dam-break problem. As 
the initial condition, the hydrostatic state was assumed  with water  depth equal to 0.21  

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. Computed water depth for built-up area steady flow simulation with free-slip boundary 
condition. 
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Fig. 5. Depth at the control points: (+ +) measured, (––) calculated using free-slip boundary 
condition, (– –) calculated using no-slip boundary condition. 

and 0.0001 m in reservoir and flood plain, respectively. After about 30 s from the gate 
opening the steady state was achieved. The boundary conditions were imposed in ac-
cordance with experiment. Two side walls of the reservoir were treated as closed 
boundaries. Additionally, the reservoir was supplied with constant discharge through 
the inflow section. At the open boundaries of the plate, the free outflow condition was 
imposed. The flow in built-up area was simulated two times. The first calculation was 
carried out imposing the free-slip boundary condition at the buildings walls, then the 
no-slip boundary condition was used in the simulation. The calculations were carried 
out with the time step Δt = 0.001 s. The total simulation time was equal to 60 s. 
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The distribution of computed water depth for steady state (t = 45 s after gate 

opening) is presented in Fig. 4. The flow structures simulated using free-slip and no-
slip boundary conditions are very similar to each other and this type of results presen-
tations makes comparison impossible. 

The comparison between depth measurements and results of both calculations for 
30 second period of steady flow is presented in Fig. 5. It can be seen that the depth 
calculated using the no-slip boundary condition (dash line) better fits the measure-
ments (crosses) for the majority of the control points located between buildings than 
depth simulated imposing free-slip boundary condition (solid line). 

4. Conclusion 

In the urban rapid flood simulation, two types of boundary conditions can be imple-
mented on the closed buildings walls – free-slip boundary or no-slip boundary. When 
the first type of boundary condition was imposed in the simulations, the underestima-
tion of computed depth was observed in the previous research. It can be due to in-
complete friction representation in water flow model in built-up area. It was proposed 
to impose the no-slip boundary condition on the buildings wall except for the free-slip 
boundary condition. The better agreement between computed and measured water 
depth was observed. It seems that the no-slip boundary condition can substitute (im-
itate) the wall friction, improving the quality of numerical simulations of rapid floods 
in urban areas using the shallow water equations as the mathematical model of flow. 
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